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THE ASYMPTOTIC OF THE HOLOMORPHIC ANALYTIC TORSION
FORMS
MARTIN PUCHOL
Abstract. The purpose of this paper is first to give an asymptotic formula for the holomor-
phic analytic torsion forms of a fibration associated with increasing powers of a given line
bundle. Secondly, we generalize this formula, thanks to the theory of Toeplitz operators, in
the case where the powers of the line bundle is replaced by the direct image of powers of a line
bundle on a bigger manifold. In both cases we have to make fiberwise positivity assumption
on the line bundle. This results are the family versions of the results of Bimsut and Vasserot
on the asymptotic of the holomorphic torsion.
Mathematics Subject Classification 2010: 58J52, 41A60 (primary), 47B35, 35K08 (secondary)
0. Introduction
The holomorphic analytic torsion was defined in [35] by Ray and Singer as the complex
analogue of its real version for flat vector bundles. It is obtained by regularizing the determinant
of the Kodaira Laplacian of holomorphic vector bundles on a compact complex manifold. It
appears in the study by Bismut-Gillet-Soule´ of the determinant of the fiberwise cohomology of
a holomorphic fibration in [10].
Analytic torsion has an extension in the family setting: the analytic torsion forms, defined
in various degrees of generality by Bismut-Gillet-Soule´ [9], Bismut-Ko¨hler [11] and Bismut [8].
The 0-degree component of these forms is the analytic torsion of Ray-Singer along the fiber.
The analytic torsion forms have found many applications, especially because it was introduced,
by Gillet and Soule´ in particular, as the analytic counterpart of the direct image in Arakelov
geometry. In deed, the torsion appear in the arithmetic Riemann-Roch theorem [23] and the
torsion forms in the arithmetic Riemann-Roch-Grothendieck theorem in higher degrees [22]. An
other application of holomorphic torsion is the study of the moduli space of K3 surfaces by
Yoshikawa in [38] and his subsequent works. See also the recent works [19, 20] on analytic
torsion classes and their application to the the arithmetic Grothendieck-Riemann-Roch theorem
in the case of general projective morphisms between regular arithmetic varieties.
Analytic torsion has an equivariant version, introduced in [27] and [12]. In [24, 25], Ko¨hler
and Roessler have used equivariant torsion in their work on a Lefschetz type fixed point formula
in Arakelov geometry.
In [15], Bismut and Vasserot computed the asymptotic of the analytic torsion associated with
increasing powers of a positive line bundle, using the heat kernel method of [5] (see also [28,
Sect. 5.5]). They also extended their result in [16], in the case where the powers of the line
bundle are replaced by the symmetric powers of a positive bundle using a trick due to Getzler
[21]. These asymptotics have played an important role in a result of arithmetic ampleness by
Gillet and Soule´ [23] (see also [37, Chp VIII]).
In this paper, we give the family versions at the level of forms of the results Bismut and
Vasserot for the analytic torsion forms. We first consider the case of torsion forms of a fibration
associated with increasing powers of a given positive line bundle which is positive along the
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fiber. This correspond to [15]. We will use a similar strategy as in that paper, but some
additional difficulties appear due to the horizontal differential forms appearing in the Bismut
superconnection (compared to the Kodaira Laplacian) used in the definition of the torsion forms.
Indeed, the operators we are dealing with here have a nilpotent part (i.e., the part in positive
degree along the basis) that must be taken into account, especially when estimating resultants
or heat kernels. Moreover, to give the asymptotic formula we have to compute explicitly super-
traces of terms involving an exponential coupling horizontal forms and vertical Clifford variables,
which makes the computation much more complicated than in [15]. Note also that in all our
results of smooth convergence, we have to take into account the derivatives along the basis.
Next, we consider the case of torsion forms of a fibration associated with the direct image
of powers of a line bundle on a bigger manifold. We have to make some partial positivity
assumption on the line bundle. This generalize [16] in two ways. Firstly we work in the family
setting. Secondly it is easy to see that the results of [16] apply in fact to the direct image of
powers of a line bundle on a bigger manifold given by a principal G-bundle with G compact and
connected. Here we do not assume that this is the case, and as a consequence, we cannot use
the same trick as in [16] to reduce the problem to our first result. Thus, even if the basis is a
point, i.e., for the torsion, we get a new result when compared to [16] .
In the general case, we thus use the same heat kernel approach as in our first result. However
here, in addition to the difficulties pointed out above, we have to deal with the fact that the
dimension of the bundle we are working with grows to infinity. In particular, we cannot hope to
have a limiting operator for the rescaled operator, nor limitings coefficients in the development
of the heat kernel, and in all our proofs we have to make uniform estimates on spaces that
change. To overcome these issues, we will draw inspiration from [14, 13] and use the formalism
of Toeplitz operators of [28]. The idea is to use the operator norm on matrices to have uniform
boundedness properties of Toeplitz operators, and to replace the convergence to limiting objects
by an approximation by objects with Toeplitz coefficients.
We now give more details about our results. Let M and B be two complex manifolds. Let
π : M → B be a holomorphic fibration with compact fiber X of dimension n. We denote
by TX the holomorphic tangent bundle to the fiber, and TRX the real tangent bundle. We
denote by TCX = TRX ⊗ C the complexified tangent bundle, and T (1,0)X,T (0,1)X ⊂ TCX the
±√−1-eigenspace of the complex structure JTRX of the fiber. Recall that we have a canonical
isomorphism TX ≃ T (1,0)X . In the sequel, we will use the same notations for all the other
tangent bundles.
Let (π, ω) be a structure of Hermitian fibration in the sense of Section 1.1, i.e., ω is a smooth
(1, 1)-form on M which induces a Hermitian metric hTX along the fibers.
Let (ξ, hξ) be a holomorphic Hermitian vector bundle onM , and let (L, hL) be a holomorphic
Hermitian line bundle on M . We denote the curvature of the Chern connection of L by RL, and
we make the following basic assumption:
Assumption 0.1. The (1,1)-form
√−1RL is positive along the fibers, which means that for any
0 6= U ∈ T (1,0)X, we have
(0.1) RL(U,U) > 0.
Let R˙X,L ∈ End(TX) be the Hermitian matrix such that for any U, V ∈ T (1,0)X ,
(0.2) RL(U, V ) = 〈R˙X,LU, V 〉hTX .
By Assumption 0.1, R˙X,L is positive definite.
For p ∈ N, let Lp be the pth tensor power of L. We assume that there is a p0 ∈ N such that
the direct image Riπ∗(ξ ⊗ Lp) is locally free for all p ≥ p0.
THE ASYMPTOTIC OF THE HOLOMORPHIC ANALYTIC TORSION FORMS 3
Remark 0.2. If the basis B is compact, then Assumption 0.1 implies that for p large enough the
direct image R•π∗(ξ ⊗Lp) is automatically locally free, and moreover that Riπ∗(ξ ⊗Lp) = 0 for
i > 0. Thus our hypothesis is in fact a uniformity assumption over the compact subsets of B.
In the sequel, all results holds for p ≥ p0, and we will not repeat this hypothesis.
We endow ξ ⊗ Lp with the metric hξ⊗Lp induced by hξ and hL. We can then define (see
Definition 1.17) the analytic torsion formsT (ω, hξ⊗L
p
) associated with (π, ω) and (ξ⊗Lp, hξ⊗Lp).
If α is a form on B, we denote by α(k) its component of degree k. We can now state our first
main result, which is the extension of [15] in the family case:
Theorem 0.3. Let k ∈ {0, . . . , dimB}. Then the component of degree 2k of the torsion form
T (ω, hξ⊗L
p
) associated with ω and hξ⊗L
p
have the following asymptotic as p→ +∞:
(0.3) T (ω, hξ⊗L
p
)(2k) =
rk(ξ)
2
(∫
X
log
[
det
(
pR˙X,L
2π
)]
ep
√−1
2π R
L
)(2k)
+ o(pk+n),
in the topology of C∞ convergence on compact subsets of B.
We now turn to our second result. Let N , M and B be three complex manifolds. Let
π1 : N →M and π2 : M → B be holomorphic fibrations with compact fiber Y and X respectively.
Then π3 := π2 ◦π1 : N → B is a holomorphic fibration, whose compact fiber is denoted by Z. We
denote by nX (resp. nY , nZ) the complex dimension of X (resp. Y , Z). Note that π1|Z : Z → X
is a holomorphic fibration with fiber Y . This is summarized in the following diagram:
Y // Z //
π1

N
π1

π3
  ❆
❆
❆
❆
❆
❆
❆
❆
X // M π2
// B
We suppose that we are given (π2, ω
M ) a structure of Hermitian fibration (see Section 1.1).
We denote by THB M = TX
⊥,ωM the corresponding horizontal space.
Let (ξ, hξ) be a holomorphic Hermitian vector bundle on M , and let (η, hη) be a holomorphic
Hermitian vector bundle on N . Let (L, hL) be a holomorphic Hermitian line bundle on N . We
denotes its Chern connection by ∇L, and the corresponding curvature by RL.
As above, we make a positivity assumption on L:
Assumption 0.4. The (1,1)-form
√−1RL is positive along the fibers of π3, that is for any
0 6= U ∈ TZ, we have
(0.4) RL(U,U) > 0.
In particular,
√−1
2π R
L enables us to define metrics gTRZ and gTRY on TRZ and TRY (see (3.1)).
We assume that there is p0 ∈ N such that for p ≥ p0, the direct image R•π1∗(Lp) is locally
free and Riπ1∗(Lp) = 0 for i > 0. Then for p ≥ p0,
(0.5) Fp := H
0
(
Y, Lp|Y
)
is a holomorphic vector bundle on M , endowed with the L2 metric hFp induced by hL and gTRY .
For p ≥ p0, we also assume that the direct images R•π2∗(Fp) and R•π3∗(Lp) are locally free.
Then an easy spectral sequence argument shows that for all i ≥ 0,
(0.6) Riπ2∗(Fp) ≃ Riπ3∗(Lp).
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Remark 0.5. If the basis B is compact, then Assumption 0.4 and Kodaira vanishing theorem
imply the existence of p0 such that for p ≥ p0 the above conditions are satisfied, i.e., the direct
images R•π1∗(Lp), R•π2∗(Fp) and R•π3∗(Lp) are locally free and concentrated in degree zero.
In particular,
(0.7) H•
(
X,Fp|X
)
= H0
(
X,Fp|X
) ≃ H0(Z,Lp|Z).
Thus our hypothesis is again a uniformity assumption over the compact subsets of B.
Here again, all results in the sequel holds for p ≥ p0, and we will not repeat this
hypothesis.
We endow ξ ⊗ Fp with the metric hξ⊗Fp induced by hξ and hFp . Let T (ωM , hξ⊗Fp) be the
holomorphic analytic torsion associated with ωM and (ξ ⊗ Fp, hξ⊗Fp) as in Definition 1.17.
Let
(0.8) THB N = (TZ)
⊥, THMN = (TY )
⊥,
where the orthogonal complements are taken with respect to RL. Then
(0.9) THX Z := T
H
MN ∩ TZ
is the orthogonal complement of TY in TZ. Moreover,
(0.10) THB N ≃ π∗3TB, THMN ≃ π∗1TM and THX Z ≃ π∗1TX.
Let R˙X,L ∈ π∗1End(TX) be the Hermitian matrix such that for any U, V ∈ TX , if we denote
their horizontal lifts by UH , V H ∈ THX Z, then
(0.11) RL(UH , V
H
) = 〈R˙X,LU, V 〉hTX .
By Assumption 0.4, R˙X,L is positive definite.
Remark 0.6. Note that (π1,−
√−1
2π R
L) and (π1|Z ,−
√−1
2π R
L|Z) define Ka¨hler fibrations in the
sense of Section 1.5, with respective horizontal spaces THMN and T
H
X Z.
We can now state the second main result of this paper, which is an extension of Theorem 0.3,
and the family version of [16] (see the introduction of Section 3).
Theorem 0.7. Let k ∈ {0, . . . , dimB}. Then the component of degree 2k of the torsion form
T (ω, hξ⊗Fp) associated with ωM and hξ⊗Fp have the following asymptotic as p→ +∞:
(0.12) T (ωM , hξ⊗Fp)(2k) =
rk(ξ)rk(η)
2
(∫
Z
log
[
det
(
pR˙X,L
2π
)]
ep
√−1
2π R
L
)(2k)
+ o(pk+nZ ),
in the topology of C∞ convergence on compact subsets of B.
Remark 0.8. Theorem 0.7 is the family version of [16], with a more general bundle. Indeed, let
V is a positive bundle on M in the sense of [16]. Then on the projectivization N := P(V ∗) of
V ∗ we can define L to be the dual of the universal line bundle. Then L satisfies Assumption 0.4.
Let Y be the fiber of P(V ∗)→M , then for any p ∈ N, H•(Y, Lp|Y ) = H0(Y, Lp|Y ) ≃ Sp(V ) the
pth symmetric power of V . Thus if we apply Theorem 0.7 for this fibration N →M and with B
being a point, we find [16].
When is (π2, ω
M ) is a Ka¨hler fibration, we can prove Theorem 0.7 modulo Im∂ + Im∂¯ from
Theorem 0.3. In deed, we can use [11] and [26] to express T (ωM , hξ⊗Fp) in terms of torsions
associated with π∗1ξ ⊗ η ⊗ Lp, then apply Theorem 0.3 to get the asymptotic. It is important
to keep in mind that this method cannot prove the convergence at the level of forms and that
when B is not compact or not Ka¨hler, the space Im∂ + Im∂¯ is not closed. Thus, this strategy is
relevant only when B is compact Ka¨hler.
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Note however that in degree zero, i.e., for the torsion of Ray-Singer, we do not have this
problem of taking quotient. Thus Theorem 0.7 in degree 0 can be seen as a consequence of [15,
Thm. 8], Theorem 0.3 (in all degrees) and [3, Thm. 3.1] (which is [26] in degree 0). In this
situation, our approach gives a direct proof.
As explained above and in Section 3, we will use the formalism of Toeplitz operators to prove
this theorem.
We now recall the definition given in [28, Def. 7.2.1] of a Toeplitz operator.
Let b ∈ B. Set x ∈ Xb := π−12 (b) and Yx := π−11 (x). Let Pp,x be the orthogonal projection
(0.13) Pp,x : L
2(Yx, η ⊗ Lp)→ H0(Yx, η ⊗ Lp),
Definition 0.9. A Toeplitz operator on Yx is a family of operators Tp ∈ End(L2(Yx, η ⊗ Lp))
satisfying the following two properties:
(i) for any p ∈ N, we have
(0.14) Tp = Pp,xTpPp,x;
(ii) there exists a sequence fr ∈ C∞
(
Y,End(η)
)
such that for any k ∈ N there is Ck > 0
with
(0.15)
∥∥∥∥∥Tp −
k∑
r=0
p−rPp,xfrPp,x
∥∥∥∥∥
∞
≤ Ckp−k−1,
where ‖ · ‖∞ denotes the operator norm.
In the course of the proof of Theorem 0.7, we will prove an important result which is that the
heat kernel of the Bismut superconnection is asymptotic to a family of Toeplitz operator. Let us
give some detail about this result. Let Bu,p be the Bismut superconnection associated with ω
M
and (ξ⊗Fp, hξ⊗Fp) (see Definition 1.6). Then by Theorem 1.8, B2u,p is a fiberwise elliptic second
order differential operator. Let exp(−B2p,u/p) be the corresponding heat kernel. For b ∈ B, let
exp(−B2p,u/p)(x, x′) be the smooth Schwartz kernel of exp(−B2p,u/p) with respect to dvXb(x′).
Then
(0.16) exp(−B2p,u/p)(x, x) ∈ End
(
Λ•(T ∗R,bB)⊗
(
Λ0,•(T ∗Xb)⊗ ξ ⊗ Fp
))
.
For a > 0, ψa is the automorphism of Λ(T
∗
R
B) such that if α ∈ Λq(T ∗
R
B), then
(0.17) ψaα = a
qα.
Let Ωu be the form defined in (3.110). Then we show that
Theorem 0.10. Let k ∈ N. As p → +∞, uniformly as u varies in a compact subset of R∗+
and (b, x) varies in a compact subset of M , we have the following asymptotic for the operator
norm on End
(
Λ•(T ∗
R,bB)⊗
(
Λ0,•(T ∗Xb)⊗ ξ ⊗ Fp
))
and the operator norm of the derivatives up
to order k:
(0.18) ψ1/√p exp(−B2p,u/p)(x, x)
=
pnX
(2π)nX
Pp,xe
−Ωu,(x,·)
det(R˙X,L(x,·))
det
(
1− exp(−uR˙X,L(x,·))
) ⊗ Idξx Pp,x + o(pnX ).
Here the dot symbolize the variable in Yx.
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In degree 0, B
2,(0)
p,u/p =
u
pp, where p denotes the Kodaira Laplacian of (Fp|X , hFp|X ). We
thus get the asymptotic of the heat kernel:
(0.19) exp(−u
p
p)(x, x) =
pnX
(2π)nX
Pp,xe
−ωu,(x,·)
det(R˙X,L(x,·))
det
(
1− exp(−uR˙X,L(x,·))
) ⊗ Idξx Pp,x + o(pnX ).
where ωu = Ω
(0)
u . Let {wj} be an orthonormal frame of (TX, hTX), with dual frame {wj}, we
then have ωu = uR
L(wHk , w
H
ℓ )w
ℓ ∧ iwk . Thus, the asymptotic of the heat kernel is given by a
Toeplitz operator associated with a term similar to the one appearing in the classical asymptotic
of the heat kernel associated with high powers of a line bundle (see for instance [28, Thm. 1.6.1]).
Remark 0.11. Note that in the proof of Theorem 0.10 which we give in this paper, we do not
use the assumption that L is positive along the fiber Z, but only along the fiber Y .
The results of this paper appear (in a more detail-heavy way) in the PhD thesis of the author
[34] and were announced in [33].
This paper is organized as follows. In Section 1 we recall the definition given in [8] of the
analytic torsion forms, in Section 2 we give the asymptotic of the torsion forms associated with
increasing powers of a given line bundle and in Section 3 we give the asymptotic of the torsion
forms associated with the direct image of powers of a line bundle on a bigger manifold. Sections
2 and 3 begin with introductions where the reader can find the notations and assumptions.
1. The holomorphic analytic torsion forms
In this section, following [8, Chap. 3-4], we will define the holomorphic analytic torsion
forms associated to a holomorphic Hermitian (non-necessarily Ka¨hler) fibration. This section
is organized as follows. In Subsection 1.1 we define Hermitian fibrations, In Subsection 1.2 we
recall the definition of the Bismut superconnection associated with a Hermitian fibration and
give the formula for its square, in Subsection 1.3, we introduce the cohomology of the fiber as a
bundle on the basis and its Chern connection, in Subsection 1.4 we define the analytic torsion
forms and finally in Subsection 1.5 we recall the definition of a Ka¨hler fibration and we specialize
the above constructions in this case.
1.1. A Hermitian fibration. Let M and B be two complex manifolds of respective dimension
m and ℓ. Let π : M → B be a holomorphic fibration with n-dimensional compact fiber X . Recall
that we denote by TM (resp. TB) the holomorphic tangent bundle of M (resp. B), and by TX
the relative holomorphic tangent bundle TM/B. We denote the real tangent bundles by TRM ,
etc. and their complexification by TCM , etc.
Let JTRX be the complex structure on TRX , and let ω be a smooth real (1,1)-form on M . Let
(1.1) ωX = ω|TRX×TRX .
We assume that the formula
(1.2) 〈· , ·〉gTRX := ωX(JTRX · , ·)
defines a Riemannian structure on TRX . We denote by h
TX the associated Hermitian structure
on TX .
Let THM ⊂ TM be the orthogonal bundle to TX in TM with respect to ω, and TH
R
M ⊂ TRM
be the corresponding real vector bundle. Then we have the isomorphism of smooth vector bundles
(1.3) THM ≃ π∗TB, and TM = THM ⊕ TX.
If U ∈ TRB, we denote by UH its lift in THR M .
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The identifications (1.3) yields to the isomorphism
(1.4) Λ•(T ∗RM) ≃ π∗Λ•(T ∗RB)⊗ Λ•(T ∗RX).
Here, and in this whole paper, ⊗ denotes the graded tensor product.
Let
(1.5) ωH = ω|TH
R
M×TH
R
M .
We extend ωX and ωH (by zero) to TH
R
M ⊕ TRX . Then
(1.6) ω = ωX + ωH .
We call the data (π, ω) a Hermitian fibration.
1.2. The Bismut superconnection of a Hermitian fibration. Let (π, ω) be a Hermitian
fibration with associated Hermitian metric along the fibers hTX .
Let gTRB be a Riemannian metric on B, and let gTRM be the metric on M induced by gTRB,
gTRZ and the decomposition (1.3). Ultimately, the objects we will define will not depend on the
choice of gTRB.
Let (ξ, hξ) be a holomorphic Hermitian vector bundle on M . Let ∇TX and ∇ξ be the Chern
connections on (TX, hTX) and (ξ, hξ). We denote their curvature by RTX and Lξ respectively.
Let ∇Λ0,• be the connexion induced by ∇TX on Λ0,•(T ∗X) := Λ•(T ∗(0,1)X), and ∇Λ0,•⊗ξ be the
connexion on Λ0,•(T ∗X)⊗ ξ induced by ∇Λ0,• and ∇ξ.
Definition 1.1. For 0 ≤ p ≤ dimX , and b ∈ B, set
(1.7) Ekb = C
∞ (Xb, (Λ0,k(T ∗X)⊗ ξ) |Xb) , Eb = dimX⊕
k=0
Ekb .
As in [4] or [9], we can think of the Eb’s as the fibers of a Z-graded infinite dimensional vector
bundle E on B. In this case, smooth sections of E on B are identified with smooth sections of
Λ0,•(T ∗X)⊗ ξ on M .
Let dvXb be the volume element of (Xb, h
TX |Xb). Let 〈·, ·〉 be the Hermitian product on E
associated to hTX and hξ:
(1.8) 〈s, s′〉b = 1
(2π)dimX
∫
Xb
〈s, s′〉Λ0,•⊗ξ(x)dvXb (x).
Definition 1.2. For U ∈ TRB and s a smooth section of E on B, set
(1.9) ∇EU = ∇Λ
0,•⊗ξ
UH
s.
We extend ∇E to an operator on C∞(M,π∗Λ•(T ∗
R
B) ⊗ Λ0,•(T ∗X) ⊗ ξ), which will be again
denoted by ∇E . Let ∇E ′ and ∇E ′′ be the holomorphic and anti-holomorphic part of ∇E .
Note that ∇E does not necessarily preserve the Hermitian product (1.8) on E.
For b ∈ B, let ∂¯Xb be the Dolbeault operator acting on Eb and let ∂¯Xb,∗ be its formal adjoint
with respect to the Hermitian product (1.8). Set
(1.10) DXb = ∂¯Xb + ∂¯Xb,∗.
Let C(TRX) be the Clifford algebra of (TRX, g
TRX). The bundle Λ0,•(T ∗X)⊗ ξ is a C(TRX)-
Clifford module: if U ∈ TX ≃ T (1,0)X , denote by U∗ ∈ T ∗(0,1)X its dual for the metric hTX ,
and then
(1.11) c(U) =
√
2U∗ ∧ and c(U) = −
√
2iU .
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Let PTRX be the projection TRM = T
H
R
M ⊕ TRX → TRX . For U, V ∈ C∞(B, TRB) set
(1.12) T (U, V ) = −PTRX [UH , V H ].
Definition 1.3. Let f1, . . . , f2n be a basis of TRB and f
1, . . . , f2n its dual basis. Set
(1.13) c(T ) =
1
2
∑
α,β
fαfβc (T (fα, fβ)) ,
which is a section of
[
Λ(T ∗
R
B)⊗ End(Λ0,•(T ∗X)⊗ ξ)]odd.
Let T (1,0) and T (0,1) be the components of the (1, 1) form T in T (1,0)X and T (0,1)X respec-
tively. We define c(T (1,0)) and c(T (0,1)) as in (1.13), so that
(1.14) c(T ) = c(T (1,0)) + c(T (0,1)).
Let γ be the one form on TRB such that
(1.15) LAHdvX = γ(A)dvX .
We assume temporarily that det(TX) has a square root λ. Equivalently, TRX is equipped
with a spin structure. Then λ is a holomorphic Hermitian vector bundle on M . Let ∇λ be the
corresponding Chern connection. Let
(1.16) STX = Λ0,•(T ∗X)⊗ λ∗
be the associated (TRX, g
TRX)-spinor bundle. Let ∇STX ,LC be the connection on STX induced
by ∇TRX,LC , the Levi-Civita connection of TRX . Finally, let ∇Λ0,•,LC be the connection on
Λ0,•(T ∗X) induced by ∇STX ,LC and ∇λ, and let ∇Λ0,•⊗ξ,LC be the connection induced by
∇Λ0,•,LC and ∇ξ on Λ0,•(T ∗X)⊗ ξ.
Note that, as det(TX) has always locally a square root, the connection ∇Λ0,•⊗ξ,LC is in fact
always defined.
The reader should be careful about the fact that in [8], the Clifford algebra C(TRX) is con-
structed with respect to gTRX/2, so that our formulas will differ from those of [8] by some powers
of 1/
√
2.
Let (e1, . . . , e2n) be an orthonormal frame of TRX .
Definition 1.4. We follow here [8, Defs. 3.7.2, 3.7.4 and 3.7.5].
(1) The Dirac operator of the fiber is defined by
(1.17) DX,LC := c(ei)∇Λ
0,•⊗ξ,LC
ei
(2) For U ∈ TRB and s a smooth section of E, let
(1.18) ∇E,LCU s = ∇Λ
0,•⊗ξ,LC
UH
s+
1
2
γ(U)s.
(3) Finally, let
(1.19) ALC = ∇E,LC + 1√
2
DX,LC − c(T )
2
√
2
.
This superconnection on E is called the Levi-Civita superconnection.
Let (e1, . . . , e2n) be the dual frame of (e1, . . . , e2n). We define a map α 7→ αc from Λ(T ∗RX)
to C(TRX) by setting for 1 ≤ i1 < · · · < ik ≤ 2n:
(1.20)
(
ei1 ∧ · · · ∧ eik)c = 2−k/2c(ei1) . . . c(eik).
We extend this map to a map (denoted in the same way) from Λ•(T ∗
R
M) ≃ π∗Λ•(T ∗
R
B)⊗Λ•(T ∗
R
X)
to π∗Λ•(T ∗
R
B)⊗ C(TRX).
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Proposition 1.5. The following formula holds
(1.21) DX =
1√
2
DX,LC +
1
2
( (
∂¯X − ∂X) iωX)c.
Proof. See [8, Thm. 3.7.3] or [28, Thm. 1.4.5]. 
Recall that for a > 0, ψa is the automorphism of Λ(T
∗
R
B) such that if α ∈ Λq(T ∗
R
B), then
(1.22) ψaα = a
qα.
By (1.3), we may also see ψa as an automorphism of Λ(T
H,∗
R
M).
We can now define the superconnection of main interest for us.
Definition 1.6. For u > 0, the Bismut superconnection B on E, and its rescaled version Bu are
defined by
(1.23)
B = ALC +
1
2
( (
∂¯M − ∂M) iω)c,
Bu =
√
uψ1/
√
uBψ
√
u.
Then Bu acts on
(1.24) Ω•(B,E) := C∞
(
M,π∗Λ•(T ∗RB)⊗ Λ0,•(T ∗X)⊗ ξ
)
.
Moreover, by [8, (3.3.3), (3.5.17), (3.6.4) and (3.8.1)], the part of degree 0 in Λ•TRB of B is
(1.25) B(0) = DX .
Remark 1.7. This definition of the Bismut superconnection may not be the more natural and
correspond in fact to [8, Thm. 3.8.1]. However, for the sake of concision we prefer to define B
this way. We refer the reader to [8, Chap. 3] for an other definition of B.
Let ∇TRB,LC be the Levi-Civita connection on (TRB, gTRB). Then ∇TRB,LC lifts to a connec-
tion ∇THR M,LC on TH
R
M , and we define ∇TRM,⊕ = ∇THR M,LC ⊕ ∇TRX,LC . Let ∇TRM,LC be the
Levi-Civita connection of M . Set S = ∇TRM,LC −∇TRM,⊕. Then S is a one form on M taking
values in antisymmetric elements of End(TRM). Moreover, by [4, Thm. 1.9], the (3, 0)-tensor
(1.26) S(· , · , · ) = 〈S(·)·, ·〉hTRM
does not depend on gTRB.
From now on, we will always use latin indices i, j, . . . for the vertical variables, and greek
indices α, β, . . . for the horizontals variables. Let {ei} be an orthonormal basis of TRX with dual
basis {ei} and {fα} a basis of TRB with dual basis {fα} (which will be identified with basis
of TH
R
M and (TH
R
M)∗). For any (k, 0)-tensor A, we will denote by Aa1,...,ak = A(ea1 , . . . , eak)
where eai = ej or fα.
Let KX be the scalar curvature of (X,TX). Set
(1.27) L′ξ = Lξ +
1
2
Tr(RTX).
For u > 0, define
(1.28)
∇u,ei = ∇Λ
0,•⊗ξ,LC
ei +
1√
2u
Si,j,αc(ej)f
α +
1
2u
Si,α,βf
αfβ +
1
2
ψ1/
√
u
(
iei
(
∂¯M − ∂M) iω)cψ√u,
which is a fiberwise connection on π∗Λ•(T ∗
R
B)⊗ Λ0,•(T ∗X)⊗ ξ.
The following theorem is the fundamental Lichnerowicz formula proved in [8, Thm. 3.9.3].
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Theorem 1.8. For u > 0,
(1.29) B2u = −
u
2
(∇u,ei )2 +
uKX
8
+
u
4
c(ei)c(ej)L
′ξ
i,j +
√
u
2
c(ei)f
αL′ξi,α +
fαfβ
2
L′ξα,β
− uψ1/√u
(
∂¯M∂M iω
)c
ψ√u −
u
16
∥∥∥ (∂¯X − ∂X) iωX∥∥∥2
Λ•(T∗
R
X)
.
Thus, B2u is a fiberwise elliptic second order differential operator. In particular, its heat kernel
exp(−B2u) exists.
Remark 1.9. In this theorem, as in the whole article, we use the usual following notation: if C
is a smooth section of T ∗
R
X ⊗ End(Λ0,•(T ∗X)⊗ ξ), then
(1.30)
(
∇Λ0,•⊗ξei + C(ei)
)2
=
∑
i
(
∇Λ0,•⊗ξei + C(ei)
)2
−∇Λ0,•⊗ξ∑
i∇TXei ei
− C
(∑
i
∇TXei ei
)
.
1.3. The cohomology of the fiber. We assume that the direct image R•π∗ξ of ξ by π is locally
free. For b ∈ B, let H•(Xb, ξ|Xb) be the cohomology of the sheaf of holomorphic sections of ξ
over Xb. Then the H
•(Xb, ξ|Xb)’s form a Z-graded holomorphic vector bundle H(X, ξ|X) on B
and R•π∗ξ = H•(X, ξ|X).
For b ∈ B, let K(Xb, ξ|Xb) = ker(DXb ). By Hodge theory, we know that for every b ∈ B
(1.31) H•(Xb, ξ|Xb ) ≃ K•(Xb, ξ|Xb),
The Hermitian product (1.8) on Eb restricts to the right and side of (1.31), so h
TX and hξ
induce a metric hH(X,ξ|X ) on the holomorphic vector bundle H(X, ξ|X), for which the Hk(X, ξ|X)
are mutually orthogonal.
Definition 1.10. Let ∇H(X,ξ|X ) be the Chern connection on (H(X, ξ|X), hH(X,ξ|X )).
For U ∈ T 0,1B and s ∈ C∞(B,E), set ∇E,u
U
′′
= L
U
H . Let ∇E,u′ be the adjoint of ∇E,u′′
defined by 〈∇E,u′s, s′〉 = 〈s,∇E,u′′s′〉, and let ∇E,u = ∇E,u′ +∇E,u′′ (see [8, Chp. 3]).
Let PKb be the orthogonal projection form Eb on K(Xb, ξ|Xb ). We define the connection
∇K(X,ξ|X) on K(X, ξ|X) by
(1.32) ∇K(X,ξ|X ) = PK∇E,uPK .
The following proposition is proved in [8, Prop. 4.10.3].
Proposition 1.11. Under the identification (1.31), the connections ∇H(X,ξ|X ) and ∇K(X,ξ|X)
agree.
1.4. The analytic torsion forms.
Definition 1.12. For any complex manifold Z, we denote by QZ the vector space of real forms
on Z which are sum of forms of type (p, p). We also denote by QZ,0 the subspace of the α ∈ QZ
that can be written α = ∂β + ∂¯γ for some β, γ smooth form on Z.
Let NV be the number operator defining the Z-grading on Λ
0,•(T ∗X)⊗ ξ and on E.
Definition 1.13. For u > 0, set
(1.33) Nu = NV + i
ωH
u
.
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Let Φ be the endomorphism of Λeven(T ∗
R
B) defined by
(1.34) Φ: α ∈ Λ2k(T ∗RB) 7→ (2iπ)−kα.
Let τ be the involution defining the Z2-graduation on E. If H ∈ End(E) is trace class, we
define its supertrace Trs[H ] by
(1.35) Trs[H ] = Tr[τH ].
We extend the supertrace to get an application Trs : Ω
•(B,E)→ Ω•(B).
Theorem 1.14 (see [8, Thm. 4.5.2]). For any u > 0, the forms ΦTrs
[
exp(−B2u)
]
and
ΦTrs
[
Nu exp(−B2u)
]
lie in QB. Moreover the following identity holds in QB
(1.36)
∂
∂u
ΦTrs
[
exp(−B2u)
]
= − 1
u
∂¯∂
2iπ
ΦTrs
[
Nu exp(−B2u)
]
.
Let (αu)u∈R+ and α be smooth forms on B. We say that as u → +∞ (resp. u → 0),
αu = α + O(f(u)), if and only if for any compact set K in B and any k ∈ N their exists C > 0
such that for every u ≥ 1 (resp. u ≤ 1) the norm of all the derivatives of order ≤ k of αu − α
over K is bounded by Cf(u).
Theorem 1.15 (see [8, Thm. 4.10.4]). As u→ +∞,
(1.37)
ΦTrs
[
exp(−B2u)
]
= ΦTrs
[
exp(−(∇H(X,ξ|X ))2)
]
+O
(
1√
u
)
,
ΦTrs
[
Nu exp(−B2u)
]
= ΦTrs
[
NV exp(−(∇H(X,ξ|X ))2)
]
+O
(
1√
u
)
.
Theorem 1.16 (see [8, Prop. 4.6.1]). There exist locally computable forms (cj ∈ QB)j≥−m and
(Cj ∈ QB)j≥−m such that for u→ 0 and for any k ∈ N,
(1.38)
ΦTrs
[
exp(−B2u)
]
=
k∑
j=−m
cju
j +O(uk+1),
ΦTrs
[
Nu exp(−B2u)
]
=
k∑
j=−m
Cju
j +O(uk+1).
Following [9, Def. 2.19], [11, Def. 3.8] and [8, (4.11.3)], we can now define the analytic torsion
forms.
For s ∈ C, Re(s) > 1, by Theorem 1.16, we can set
(1.39) ζ1(s) = − 1
Γ(s)
∫ 1
0
us−1Φ
{
Trs
[
Nu exp(−B2u)
]− Trs [NV exp(−(∇H(X,ξ|X ))2)]} du,
and ζ1 has a meromorphic extension to C, which is holomorphic on {|Re(s)| < 1/2}.
Similarly for s ∈ C, Re(s) < 1/2, Theorem 1.15 allows us to define
(1.40) ζ2(s) = − 1
Γ(s)
∫ +∞
1
us−1Φ
{
Trs
[
Nu exp(−B2u)
]− Trs [NV exp(−(∇H(X,ξ|X ))2)]} du.
Here again, ζ2 has a holomorphic extension on {|Re(s)| < 1/2}.
Now, for s ∈ C, |Re(s)| < 1/2, define the holomorphic function
(1.41) ζ(s) = ζ1(s) + ζ2(s).
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Definition 1.17. The holomorphic analytic torsion form is the form
(1.42) T (ω, hξ) := ζ′(0).
The components in the different degrees of T (ω, hξ) are referred to as the holomorphic analytic
torsion forms.
Using (1.38), we can write
(1.43)
T (ω, hξ) =−
∫ 1
0
{
ΦTrs
[
Nu exp(−B2u)
]− 0∑
j=−m
Cju
j
}
du
u
−
∫ +∞
1
Φ
{
Trs
[
Nu exp(−B2u)
] − Trs [NV exp(−(∇H(X,ξ|X ))2)]} du
u
+
−1∑
j=−m
Cj
j
+ Γ′(1)
(
C0 − ΦTrs
[
NV exp(−(∇H(X,ξ|X ))2)
])
.
The following analogue to [11, Thm. 3.9] is proved in [8, Thm. 4.11.2]
Theorem 1.18. The smooth form T (ω, hξ) lies in QB. Moreover
(1.44)
∂¯∂
2iπ
T (ω, hξ) = ch
(
H(X, ξ|X), hH(X,ξ|X )
)
− c0.
1.5. The case of a Ka¨hler fibration. Following [9, Def. 1.4 and Thm. 1.5], we say that the
Hermitian fibration (π, ω) is a Ka¨hler fibration if ω is closed.
We assume in this subsection that ω is closed. Then by [8, Thms. 3.7.1, 3.7.3 and 3.8.1]
the superconnection Bu agrees we the one define in [11, Def. 1.7], which is the usual Bismut
superconnection.
Therefor, (1.23), (1.28) and (1.29) turn repectively to
(1.45)

Bu = ∇E +
√
uDX − c(T )
2
√
2u
,
∇u,ei = ∇Λ
0,•⊗ξ
ei +
1√
2u
Si,j,αc(ej)f
α +
1
2u
Si,α,βf
αfβ and
B2u = −
u
2
(∇u,ei)2 +
uKX
8
+
u
4
c(ei)c(ej)L
′ξ
i,j +
√
u
2
c(ei)f
αL′ξi,α +
fαfβ
2
L′ξα,β.
Moreover, [9, Thm. 2.2] sharpens (1.38): the forms cj , for j ≤ 0, can be explicitly computed.
For any Hermitian vector bundle (F, hF ) with Chern connection ∇F and curvature RF on M ,
set
(1.46) ch(F, hF ) = Tr
[
exp
(
− R
F
2
√−1π
)]
, Td(F, hF ) = det
(
RF/2
√−1π
exp(RF /2
√−1π)− 1
)
.
Then by [9, Thm. 2.2] we get
(1.47)

cj = 0 for j < 0 and
c0 =
∫
X
Td(TX, hTX)ch(ξ, hξ).
Finally, by [11, Thm. 1.5] ∇E preserves the metric on E and by [11, Thm. 3.2] we have
(1.48) ∇H(X,ξ|X ) = PK∇EPK .
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Then Theorem 1.18 becomes [11, Thm. 3.9], that is
(1.49)
∂¯∂
2iπ
T (ω, hξ) = ch
(
H(X, ξ|X), hH(X,ξ|X )
)
−
∫
X
Td(TX, hTX)ch(ξ, hξ).
2. The asymptotic of the torsion associated to high power of a line bundle
The purpose of this section is to prove Theorem 0.3.
We recall some notations. Let M and B be two complex manifolds. Let π : M → B be a
holomorphic fibration with compact fiber X of dimension n. We suppose that we are given (π, ω)
a structure of Hermitian fibration.
Let (ξ, hξ) be a holomorphic Hermitian vector bundle on M , and let (L, hL) be a holomorphic
Hermitian line bundle on M . We denote the curvature of the Chern connection of L by RL.
Recall that by Assumption 0.1, RL is assumed to be positive along the fibers. We define
(2.1) ΘM =
√−1
2π
RL and ΘX =
√−1
2π
RL|TRX×TRX .
We extend ΘX to TRM = TRX ⊕ (TRX)⊥,ΘM by zero.
We have also assumed that the direct image Riπ∗(ξ⊗Lp) is locally free (for p large). We will
use all the constructions of Section 1 associated with (ξ⊗Lp, hξ⊗Lp) instead of (ξ, hξ) (where of
course hξ⊗L
p
is induced by hξ and hL). The corresponding objects will be denoted by
Ekp,b = C
∞ (Xb, (Λ0,k(T ∗X)⊗ ξ ⊗ Lp) |Xb) , ∇p = ∇Ep,LC ,
∂¯p = Dolbeault operator of Ep, Dp = ∂¯
p + ∂¯p,∗,(2.2)
Bp = associated superconnection as in (1.23), Bp,u =
√
uψ1/
√
uBpψ
√
u.
We also denote by T (ω, hξ⊗L
p
) the associated analytic torsion forms.
Theorem 0.3 is the family version of [15]. The strategy of proof is similar, but differences
appear in the proof of the intermediate results due to the horizontal differential forms appearing
in B2p . One of the first consequence is that, unlike D
2
p, the operator B
2
p is not self-adjoint,
and one has to take a nilpotent part (the part in positive degree along the basis) into account
when estimating resolvants or heat kernels (compare for instance the proofs of [15, (20)] and
of Theorem 2.23). An other consequence is the limit of the heat kernel involves exponential of
terms coupling horizontal forms and vertical Clifford variables, which make the computations of
the super-traces much more complicated (see Theorem 2.24). Note also that in all our results of
smooth convergence, we have to take into account the derivatives along the basis B.
To simplify the statements in the following, we will assume that B is compact. However, the
reader should be aware of the fact that the constants appearing in the sequel depends on the
compact subset of B we are working on.
This section is organized as follows. In Subsection 2.1, we show that our problem is local.
In Subsection 2.2, we rescale the Bismut superconnection and compute the limit operator. In
Subsection 2.3, we obtain the corresponding convergence of the heat kernel. In Subsection 2.4,
we prove our main theorem, using the result proved in Subsection 2.5.
2.1. Localization of the problem. Fix b0 ∈ B. In this section, we will work along the fiber
Xb0 , which will be denoted simply by X .
For ε > 0 and x0 ∈ X , we denote by BX(x0, ε) and BTR,x0X(0, ε) the open balls in X and
TR,x0X with center x0 and 0 and radius ε respectively. If exp
X
x0 is the exponential map of X ,
then for ε small enough, Z ∈ BTR,x0X(0, ε) 7→ expXx0(Z) ∈ BX(x0, ε
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gives local coordinates by identifying TR,x0X with R
2n via an orthonormal basis {ei} of TR,x0X .
From now on, we will always identify BTR,x0X(0, ε) and BX(x0, ε).
Let injX be the injectivity radius of X and let ε ∈]0, injX/4[. Such an ε can be chosen
uniformly for b0 varying in a compact subset of B.
Let x1, . . . xN be points of X such that {Uxk = BX(xk, ε)}Nk=1 is an open covering of X . On
each Uxk we identify ξZ , LZ and Λ
0,•(T ∗ZX) to ξxk , Lxk and Λ
0,•(T ∗xkX) by parallel transport
with respect to ∇ξ, ∇L and ∇Λ0,•,LC along the geodesic ray t ∈ [0, 1] 7→ tZ. We fixe for each
k = 1, . . . , N an orthonormal basis {ei}i of TR,xkX (without mentioning the dependence on k).
We denote by ∇U the ordinary differentiation operator in the direction U on TxkX .
We define the vector bundle Ep over X by
(2.3) Ep := Λ
•
b0(T
∗
RB)⊗
(
Λ0,•(T ∗X)⊗ ξ ⊗ Lp) .
Note here that Λ•b0(T
∗
R
B) is a trivial bundle over X .
Let {ϕk}k be a partition of unity subordinate to {Uxk}k. For ℓ ∈ N, we define a Sobolev norm
|| · ||
H
ℓ(p) on the ℓ-th Sobolev space H
ℓ(X,Ep) by
(2.4) ||s||2
Hℓ(p) =
∑
k
ℓ∑
d=0
d∑
i1,...,id=1
||∇ei1 . . .∇eid (ϕks)||2L2 .
Lemma 2.1. For any m ∈ N, there exists Cm > 0 such that for any p ∈ N , u > 0 and
s ∈H2m+2(X,Ep),
(2.5) ||s||2
H2m+2(p) ≤ Cmp4m+4
m+1∑
j=0
p−4j ||B2jp s||L2 .
Proof. Let e˜i(Z) be the parallel transport of ei with respect to ∇TRX,LC along the curve t ∈
[0, 1] 7→ tZ. Then {e˜i}i is an orthonormal frame of TRX .
Let Γξ, ΓL and ΓΛ
0,•,LC be the corresponding connection form of ∇ξ, ∇L and ∇Λ0,•,LC with
respect to any fixed frame for ξ, L and Λ0,•(T ∗X) which is parallel along the curve t ∈ [0, 1] 7→ tZ
under the trivialization on Uxk . Let∇p1 = ∇1⊗1+1⊗∇L
p
be the connection on Λ0,•(T ∗X)⊗Lp⊗ξ
corresponding to ∇u in (1.28) (with u = 1), replacing ξ by ξ ⊗ Lp. Then on Uxk we have
(2.6) ∇p1,e˜i = ∇e˜i + (ΓΛ
0,•,LC + Γξ + pΓL)(e˜i) +
1√
2
S(e˜i, e˜j, fα)c(e˜j)f
α
+
1
2
S(e˜i, fα, fβ)f
αfβ +
1
2
(
ie˜i
(
∂¯M − ∂M) iω)c.
Let DX = ∂¯X + ∂¯X,∗ be the Dirac operator on Λ0,•(T ∗X) ⊗ ξ, and Bξ the superconnection
on B associated with (ω, ξ, hξ). Then on Uxk , D
X (resp. Bξ) can be seen as an operator on
π∗Λ•(T ∗
R
B)⊗Λ0,•(T ∗X)⊗ ξ ⊗Lp because the bundle π∗Λ•(T ∗
R
B)⊗Lp (resp. Lp) is trivialized.
Then, using (1.29), [28, Thm. 1.4.7] (which is (1.29) in the case where the base B is a point)
and (2.6), we find that locally,
B2p = B
ξ,2 + pO1 + pO10 + p2O20(2.7)
= DX,2 +R + pO1 + pO10 + p2O20
where R, O1 (resp. O10 , O20) are operators of order 1 (resp. 0).
From (2.7), there exists C > 0 such that for s ∈Hℓ(X,Ep),
(2.8) ||s||H2(p) ≤ C
(||B2ps||L2 + p2||s||L2) .
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Let Q be a differential operator of order 2m with scalar principal symbol and with compact
support in Uxj . Then (2.8) implies
(2.9)
||Qs||H2(p) ≤ C
(||B2pQs||L2 + p2||Qs||L2)
≤ C′ (||QB2ps||L2 + p||s||H2m+1(p) + p2||s||H2m−1(p) + p2||Qs||L2) .
Hence we get (2.5) by induction. 
Let f : R→ [0, 1] be a smooth even function such that
(2.10) f(t) =
{
1 for |t| < ε/2,
0 for |t| > ε.
For u > 0, ς ≥ 1 and a ∈ C, set
(2.11)
Fu(a) =
∫
R
eiv
√
2a exp(−v2/2)f(√uv) dv√
2π
,
Gu(a) =
∫
R
eiv
√
2a exp(−v2/2)(1− f(√uv)) dv√
2π
,
Hu,ς(a) =
∫
R
eiv
√
2a exp(−v2/2u)(1− f(√ςv)) dv√
2π
.
These functions are even holomorphic functions, thus there exist holomorphic functions F˜u,
G˜u and H˜u,ς such that
(2.12) F˜u(a
2) = Fu(a) , G˜u(a
2) = Gu(a) and H˜u,ς(a
2) = Hu,ς(a).
Moreover, the restriction of F˜u and G˜u to R lies in the Schwartz space S(R), and
(2.13) G˜u
p
(
u
p
a
)
= H˜u
p
,1(a) and F˜u(vB
2
p) + G˜u(vB
2
p) = exp
(−vB2p) for v > 0.
Let G˜u(vB
2
p)(x, x
′) be the smooth kernel of G˜u(vB2p) with respect to dvX(x
′).
We still denote by π the projection π : X ×B X → B from the fiberwise product X ×B X to
B. For V , V ′ two bundle over M , we define the bundle V ⊠ V ′ on X ×B X by
(2.14) (V ⊠ V ′)(b,x,x′) = V(b,x) ⊗ V ′(b,x′)
for b ∈ B and x, x′ ∈ Xb. Then G˜u(vB2p)(·, ·) is a section of Ep⊠E∗p overX×BX . Let ∇Ep be the
connection on Ep induced by ∇Λ•(T∗RB), ∇Λ0,•,LC , ∇L and ∇ξ, and let ∇Ep⊠E
∗
p be the induced
connection on Ep ⊠ E
∗
p. In the same way, let h
Ep be the metric on Ep induced by h
Λ•(T∗
R
B),
hΛ
0,•,LC , hL and hξ, and let hEp⊠E
∗
p be the induced metric on Ep ⊠ E
∗
p.
Proposition 2.2. For any m ∈ N, ε > 0, there exist C > 0 and N ∈ N such that for any u > 0
and any p ∈ N∗,
(2.15)
∣∣∣∣G˜up (upB2p)(· , ·)
∣∣∣∣
Cm
≤ CpN exp
(
− ε
2p
16u
)
,
Where the Cm-norm is induced by ∇Ep⊠E∗p and hEp⊠E∗p .
Proof. Observe first that by (2.13)
(2.16) G˜u
p
(
u
p
B2p
)
= H˜u
p
,1(B
2
p).
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Moreover, as imameiva = ∂
m
∂vm e
iva, we can integrate by part the expression of amHu,ς(a) given
in (2.11) to obtain that for any m ∈ N and c > 0, there is a Cm,c > 0 such that u > 0 and ς ≥ 1,
(2.17) sup
|Im(a)|≤c
|amHu,ς(a)| ≤ Cm,cς m2 exp
(
− ε
2
16uς
)
.
For c > 0, let Vc be the image of {a ∈ C : |Im(a)| ≤ c} by the map a 7→ a2. Then
(2.18) Vc =
{
a ∈ C : Re(a) ≥ 1
4c2
Im(a)2 − c2
}
.
Form (2.12) and (2.17), we deduce that
(2.19) sup
a∈Vc
|amH˜u,ς(a)| ≤ Cm,cς m2 exp
(
− ε
2
16uς
)
.
We will prove Proposition 2.2 thanks to (2.16), (2.19) and Lemma 2.1. We first need the
following lemma.
Lemma 2.3. Let m ∈ N and φ(a) = amH˜u
p ,1
(a), then there exist Km > 0 and an integer km ∈ N
such that
(2.20) ||φ(B2p)s||L2 ≤ Kmpkm exp
(
− ε
2p
16u
)
||s||L2 .
Proof. By Bismut’s Lichnerowicz formula (1.29), [28, Thm. 1.4.7] and (2.6), we have
(2.21)
B2p = D
2
p +Rp,
Rp ∈ C[p]⊗ Λ≥1(T ∗RB)⊗Op≤1X
(
Λ0,•(T ∗X)⊗ ξ),
where Op≤1X
(
Λ0,•(T ∗X) ⊗ ξ) denotes the set of differential operators along the fiber X on
Λ0,•(T ∗X)⊗ ξ of order ≤ 1. We deduce the following fundamental fact:
(2.22) Sp(B2p) = Sp(D
2
p).
Here, Sp is our notation for the spectrum. Indeed, as Rp has positive degree in Λ
•(T ∗
R
B), we
have for λ /∈ Sp(D2p)
(2.23) (λ−B2p)−1 = (λ−D2p)−1 + (λ−D2p)−1Rp(λ −D2p)−1 + . . . (finite sum).
Now, (λ−D2p)−1 is elliptic of order 2, so increases the Sobolev regularity by 2, and Rp is of order
1, thus (λ − B2p)−1 is a bounded operator when acting on the Sobolev space of order 0. This
proves that λ /∈ Sp(B2p). Exchanging the role of B2p and D2p, we also prove that if λ /∈ Sp(B2p),
then λ /∈ Sp(D2p), which shows (2.22).
By [28, Thm 1.5.8], there exist CL > 0 and µ0 > 0 such that
(2.24) Sp(D2p) ⊂ {0}∪]2pµ0 − CL,+∞[.
Let C be the contour in C defined by Figure 1. By (2.18), C ⊂ Vc for c big enough.
Note that by (2.24) and the self-adjointness of D2p, there exists C > 0 such that for λ ∈ C,
(2.25) ||(λ −D2p)−1s||L2 ≤ C||s||L2 .
Moreover, for λ ∈ C and x ∈ R+, we have x|λ−x| ≤ |λ||λ−x| + 1 ≤ C|λ|, where C does not depend
on x ∈ R+. In particular, we have
(2.26) ||D2p(λ −D2p)−1s||L2 ≤ C|λ|||s||L2 .
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Now by [28, (1.6.8)] –which is (2.5) with m = 0 in the case where B is a point– and by (2.25)
and (2.26), there is l ∈ N and and C′ > 0 such that for λ ∈ C,
(2.27) ||Rp(λ−D2p)−1s||L2 ≤ Cpl||(λ−D2p)−1s||H2(p) ≤ C′|λ|pl+2||s||L2 .
Thus, by (2.23), and (2.27), we find
(2.28) ||(λ −B2p)−1s||L2 ≤ C|λ|kpk
′ ||s||L2 .
By (2.19), we have |φ(λ)| ≤ Cm+k+2,c exp
(
− ε2p16u
)
|λ|−(k+2) for λ ∈ C ⊂ Vc. Moreover,
(2.29) φ(B2p) =
1
2iπ
∫
C
φ(λ)(λ −B2p)−1dλ,
Using this facts, we get Lemma 2.3 from (2.28). 
Let Q be a differential operator of order 2m, m ∈ N with scalar principal symbol and with
compact support in Uxi . Observe that Lemmas 2.1 and 2.3 are still true if we replace Bp therein
by B∗p , because B
∗,2
p has the same structure as in (2.7) and is equal to D
2
p + R
∗
p. Thus, using
Lemmas 2.1 and 2.3, we find that for m′ ∈ 2N,
(2.30)
∣∣∣〈Bm′p H˜up ,1(B2p)Qs, s′〉∣∣∣ = ∣∣∣〈s,Q∗H˜up ,1(B∗,2p )B∗,m′p s′〉∣∣∣
≤ CKp4m+km exp
(
− ε
2p
16u
)
‖s‖L2‖s′‖L2 .
Thus,
(2.31)
∥∥∥Bm′p H˜up ,1(B2p)Qs∥∥∥L2 ≤ CKp4m+km exp
(
− ε
2p
16u
)
‖s‖L2.
We deduce from this estimate – and using once again Lemmas 2.1 and 2.3 – that if P,Q are differ-
ential operators of order 2m′, 2m respectively and with compact support in Uxi , Uxj respectively,
then there is a positive constant Cm,m′ such that
(2.32)
∥∥∥P H˜u
p ,1
(B2p)Qs
∥∥∥
L2
≤ Cm,m′p4m+km exp
(
− ε
2p
16u
)
‖s‖L2.
By the Sobolev inequality and (2.32), we get
(2.33)
∣∣∣H˜u
p ,1
(B2p)(· , ·)
∣∣∣
Cm(X×X)
≤ CpN exp
(
− ε
2p
16u
)
.
With this estimate and (2.16), we get (2.15) for the Cm-norm in the directions of the fiber X .
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We now turn to the derivatives in the directions of the base B.
Let k ∈ N. Using (2.19) (see [6, (11.57)]), we see that there is a unique holomorphic function
H˜u,ς,k defined on a neighborhood of Vc such that
(2.34)
H˜
(k−1)
u,ς,k (a)
(k − 1)! = H˜u,ς(a)
and for u > 0 and ς ≥ 1,
(2.35) sup
a∈Vc
|amH˜u,ς,k(a)| ≤ Cς m2 exp
(
− ε
2
16uς
)
.
For any q, k ∈ N and U ∈ TRB, we have
(2.36)
(∇Ep⊠E∗pUH )qG˜up (upB2p) = 12iπ
∫
C
H˜u
p ,1,k
(λ)
(∇Ep⊠E∗pUH )q(λ−B2p)−kdλ,
where UH denotes the horizontal lift of U in THB,RM .
We now prove the analogue of Lemma 2.3 for
(∇Ep⊠E∗pUH )qG˜up (upB2p):
Lemma 2.4. Let q,m,m′ ∈ N. There exist Kq,m,m′ > 0 and an integer kq,m,m′ ∈ N such that
(2.37)
∥∥∥∥B2mp (∇Ep⊠E∗pUH )qG˜up (upB2p)B2m′p s
∥∥∥∥
L2
≤ Kq,m,m′pkq,m,m′ exp
(
− ε
2p
16u
)
||s||L2 .
Proof. We choose k ∈ N so that k ≥ 2(m +m′) + q + 1. Then B2mp
(∇Ep⊠E∗pUH )q(λ − B2p)−kB2m′p
can be written as a sum of terms
(2.38) A1(λ−B2p)−1A2(λ−B2p)−1 . . . Ak+1(λ−B2p)−1,
where
(2.39) Ai ∈
{
1, Bp,
(∇Ep⊠E∗pUH )q′B2p, [Bp, (∇Ep⊠E∗pUH )q′B2p] : 0 ≤ q′ ≤ q}.
In any case, Ai is a polynomial in p with values in the differential operators along the fiber of
order less than 2 (for the last type of term in the above list, we use that Bp is of order 1 and
that B2p as a scalar principal symbol). As a consequence, we find from (2.23), (2.26), (2.27) and
(2.28) that
(2.40) ||Ai(λ−B2p)−1s||L2 ≤ Cpl||(λ−B2p)−1s||H2(p) ≤ C|λ|apb||s||L2 .
By the decomposition indicated in the begging of the proof, this yields
(2.41)
∥∥∥B2mp (∇Ep⊠E∗pUH )q(λ−B2p)−kB2m′p s∥∥∥L2 ≤ C|λ|cpd||s||L2 .
From (2.35), (2.36) and (2.41), we deduce Lemma 2.4. 
Using Lemma 2.4 in the same way as we used Lemma 2.3 to prove (2.32) and (2.33), we find
(2.42)
∣∣∣(∇Ep⊠E∗pUH )qH˜up ,1(B2p)(· , ·)∣∣∣
Cm(X×X)
≤ CpN exp
(
− ε
2p
16u
)
.
Which completes the proof of Proposition 2.2. 
Corollary 2.5. For any m ∈ N, ε > 0, there exist C(u) > 0 a rational fraction in √u and
N ∈ N such that for any u > 0 and any p ∈ N∗,
(2.43)
∣∣∣ψ1/√pG˜up (B2p,u/p)(·, ·)∣∣∣
Cm
≤ C(u)pN exp
(
− ε
2p
16u
)
.
Proof. As Bp,u =
√
uψ1/
√
uBpψ
√
u, Corollary 2.5 follows from Proposition 2.2. 
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2.2. Rescaling Bp. Fix b0 ∈ B and x0 ∈ Xb0 . In this section, we will again work along the
fiber Xb0 , which will be again denoted simply by X . For the rest of this section, we fix {wj} an
orthonormal basis of T
(1,0)
x0 X , with dual basis {wj}, and we construct an orthonormal basis {ei}
of TR,x0X from {wj} as follows:
(2.44) e2j−1 =
1√
2
(wj + wj) and e2j =
√−1√
2
(wj − wj) , for 1 ≤ j ≤ n.
For ε > 0 small enough, we identify BTR,x0X(0, ε) and BX(x0, ε) as in Section 2.1. Note that
in this identification, the radial vector field R = ∑i Ziei becomes R = Z, so Z can be viewed
as a point or as a tangent vector.
Recall that ∇p1 = ∇1 ⊗ 1 + 1 ⊗ ∇L
p
is the connection on Λ•(T ∗
R
B) ⊗ Λ0,•(T ∗X) ⊗ Lp ⊗ ξ
corresponding to ∇u in (1.28), replacing ξ by ξ ⊗ Lp and taking u = 1.
For Z ∈ BTR,x0X(0, ε), we identify (Λ0,•Z (T ∗X) ⊗ ξZ , hΛ
0,•⊗ξ
Z ) with (Λ
0,•
x0 (T
∗X) ⊗ ξx0 , hEx0)
and (LZ , h
L
Z) with (Lx0 , h
L
x0) by parallel transport along the geodesic ray t ∈ [0, 1] 7→ tZ with
respect to the connection ∇1 and ∇L respectively. We denote by Γ1 and ΓL the corresponding
connection forms.
We denote by ∇U the ordinary differentiation operator in the direction U on Tx0X .
Let ρ : R→ [0, 1] be a smooth even function such that
(2.45) ρ(v) =
{
1 for |v| < 2,
0 for |v| > 4.
On the trivial bundle
(2.46) Ep,x0 = Λ
•(T ∗R,b0B)⊗
(
Λ0,•(T ∗X)⊗ ξ ⊗ Lp)
x0
over Tx0X , we define the connection
(2.47) ∇Ep,x0 = ∇+ ρ(|Z|/ε) (pΓL + Γ1) ,
which is a Hermitian connection.
Let gTRX0 be a Riemannian metric on X0 := TR,x0X = R
2n such that
(2.48) gTRX0 =
{
gTRX on BTR,x0X(0, 2ε),
gTR,x0X outside of BTR,x0X(0, 4ε),
and let dvX0 be the associated volume form. Let dvTX be the Riemannian volume form of
(Tx0X, g
Tx0X), and κ(Z) be the smooth positive function defined by κ(0) = 1 and
(2.49) dvX0 (Z) = κ(Z)dvTX(Z).
Let ∆Ep,x0 be the Bochner Laplacian associated with ∇Ep,x0 and gTRX0 . By definition, if
∇TRX0,LC is the Levi-Civita connection on (X0, gTRX0) and if (gij(Z)) is the inverse of the matrix
(gij(Z)) = (g
TRX0
Z (ei, ej)), we have
(2.50) ∆Ep,x0 = −gij(Z)
(
∇Ep,x0ei ∇Ep,x0ej −∇Ep,x0∇TRX0,LCei ej
)
.
Recall that {fα} denotes a frame of TRB, with dual frame {fα}. Let e˜i(Z) be the parallel
transport of ei with respect to ∇TRX0,LC along the curve t ∈ [0, 1] 7→ tZ. Then {e˜i}i is an
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orthonormal frame of TRX0. Set
(2.51) Φ =
KX
8
+
1
4
c(e˜i)c(e˜j)L
′ξ(e˜i, e˜j) +
1√
2
c(e˜i)f
αL′ξ(e˜i, fα) +
fαfβ
2
L′ξ(fα, fβ)
−
(
∂¯M∂M iω
)c
− 1
16
∥∥∥ (∂¯X − ∂X) iωX∥∥∥2
Λ•(T∗
R
X)
and
(2.52) Mp,x0 =
1
2
∆Ep,x0 + ρ(|Z|/ε)Φ
+ pρ(|Z|/ε)
(
1
4
c(e˜i)c(e˜j)R
L(e˜i, e˜j) +
1√
2
c(e˜i)f
αRL(e˜i, fα) +
fαfβ
2
RL(fα, fβ)
)
.
Then Mp,x0 is a second order elliptic differential operator acting on C
∞ (TR,x0X,Ep,x0). More-
over, using Theorem 1.8, (2.47), (2.50), (2.51) and (2.52), we see that Mp,x0 and B
2
p coincide
over BTX(0, 2ε).
Let SL be a unit vector of Lx0 . It gives an isometry L
p
x0 ≃ C, which yields to an isometry
(2.53) Ep,x0 ≃ Λ•(T ∗R,b0B)⊗ (Λ0,•(T ∗X)⊗ ξ)x0 =: Ex0 .
We endow E with the connection ∇E induce by ∇Λ•(T∗RB), ∇Λ0,•,LC and ∇ξ and with the metric
hE induce by hΛ
•(T∗
R
B), hΛ
0,•,LC and hξ.
Remark 2.6. In this trivialization, B2p acts on Ex0 , but this action may a priori depends on the
choice of SL. However, thanks to Theorem 1.8 we see that the operator B
2
p has it coefficients in
End(Ep,x0) which is canonically isomorphic to End(E)x0 (by the natural identification End(L
p) ≃
C), thus all our formulas do not depend on this choice. Under this identification, we will consider
Mp,x0 as an operator acting on C
∞(Tx0X,Ex0).
Let exp(−B2p)(Z,Z ′) and exp(−Mp,x0)(Z,Z ′) be the smooth heat kernels of B2p and Mp,x0
with respect to dvX0(Z
′).
Lemma 2.7. For any m ∈ N, ε > 0, there exist C > 0 and N ∈ N such that for any p ∈ N∗,
(2.54)
∣∣∣∣exp(− upB2p)(x0, x0)− exp(− upMp,x0)(0, 0)
∣∣∣∣
Cm(M)
≤ CpN exp(− ε
2p
16u
),
where | · |Cm(M) denotes the Cm-norm in the parameters b0 ∈ B and x0 ∈ X induced by ∇End(E)
and hEnd(E).
Proof. By (2.52), Mp,x0 has the same structure as B
2
p . Thus Lemma 2.1 and Proposition 2.2 are
still true if we replace B2p therein by Mp,x0. From the fact that Mp,x0 and B
2
p coincide near 0
and the finite propagation speed of the wave equation (see e.g. [28, Thm. D.2.1]), we know that
(2.55) F˜u
p
(
u
p
B2p
)
(x0, ·) = F˜u
p
(
u
p
Mp,x0
)
(0, ·),
so we get our Lemma by (2.13). 
We will now make the change of parameter t = 1√p ∈ ]0, 1].
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Definition 2.8. For s ∈ C∞(TR,x0X,Ex0) and Z ∈ R2n set
(2.56)
(Sts)(Z) = s(Z/t), ∇t = tS−1t κ1/2∇Ep,x0κ−1/2St,
∇0 = ∇+ 1
2
RLx0(Z, ·), Lt = t2S−1t κ1/2Mp,x0κ−1/2St,
L0 = −1
2
∑
i
(∇0,ei)2 +
1
4
c(ei)c(ej)R
L
i,j(x0) +
1√
2
c(ei)f
αRLi,α(x0) +
fαfβ
2
RLα,β(x0).
From now on we will denote c(ei) by c
i to simplify the notation in the computations.
Proposition 2.9. When t→ 0, we have
(2.57) ∇t,ei = ∇0,ei +O(t) and Lt = L0 +O(t).
Proof. By (2.47) and (2.56), we have
(2.58) ∇t,ei(Z) = κ1/2 (tZ)
{∇ei + ρ(t|Z|/ε) (t−1ΓLtZ(ei) + tΓ1,tZ(ei))}κ−1/2 (tZ) .
It is a well known fact (see for instance [28, Lemma 1.2.4]) that for if Γ = ΓL (resp. Γ1) and
R = RL (resp. R1 the curvature of ∇1), then
(2.59) ΓZ(ei) =
1
2
Rx0(Z, ei) +O(|Z|2).
Thus,
(2.60)
tΓ1,tZ(ei) = O
(
t2
)
,
t−1ΓLtZ(ei) =
1
2
RLx0(Z, ei) +O (t) .
The first asymptotic development in Proposition 2.9 follows from ρ(0) = κ(0) = 1, (2.58),
(2.59) and (2.60). Moreover, with this asymptotic, (2.50) and the fact that gij(0) = δij we find
(2.61)
t2S−1t κ
1/2∆Ep,x0κ−1/2St = −gij(tZ)
(
∇t,ei∇t,ej − t∇t,∇TX0ei ej
)
=
∑
i
(∇0,ei)2 +O(t).
On the other hand, by (2.52), we have
t2S−1t κ
1/2
(
Mp,x0 −
1
2
∆Ep,x0
)
κ−1/2St
= ρ(t|Z|/ε))
{
κ1/2
(
t2Φ+
1
4
c(e˜i)c(e˜j)R
L(e˜i, e˜j) +
1√
2
c(e˜i)f
αRL(e˜i, fα)
+
fαfβ
2
RL(fα, fβ)
)
κ−1/2
}
tZ
(2.62)
=
1
4
cicjRLi,j(x0) +
1√
2
cifαRLi,α(x0) +
fαfβ
2
RLα,β(x0) +O (t) .
With (2.56), (2.61), (2.62), and the first part of (2.57) that we have already proved, the proof
of the proposition is completed. 
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2.3. Convergence of the heat kernel. In this section, we use the notations and definitions of
Section 2.2. In particular, b0 ∈ B and x0 ∈ Xx0 are fixed. Set
(2.63) Ωu = uR
L(wk, wℓ)w
ℓ ∧ iwk +
√
u
2
c(ei)f
αRLi,α +
fαfβ
2
RLα,β.
The purpose of this section is to prove the following result:
Theorem 2.10. Let k ∈ N. Then there is ǫ > 0 such that as p→ +∞, uniformly as u varies in
a compact subset of R∗+, we have the following asymptotic for the C
k-norm on C∞(M,End(E)):
(2.64) ψ1/√p exp(−B2p,u/p)(x0, x0) =
(2π)−n exp(−Ωu,x0)
det(R˙X,Lx0 )
det
(
1− exp(−uR˙X,Lx0 )
) ⊗ Idξ pn +O(pn−ǫ).
To prove this theorem, we will adapt the method of [28, Sect. 1.6].
Remark 2.11. In fact, this theorem holds without any positivity assumption on L. In this case,
we have to take the convention that if an eigenvalue of R˙X,Lx0 is zero, then its contribution to
det(R˙X,Lx0 )
det
(
1−exp(−uR˙X,Lx0 )
) is 12u and we have to use [28, (E.2.5)] in addition to [28, (E.2.4)] to get (2.88).
Remark 2.12. As pointed out in [28, Thm. 4.2.3 and Rem. 4.2.4], we can use the results of this
section combined with the techniques of [28, Sect. 4.1] to get O(pn−1) instead of O(pn−ǫ) in
Theorem 2.10. However, we do not need this improvement and leave it to the reader.
The following Lemma is an easy consequence of the Arzela`-Ascoli theorem, which we will use
several time.
Lemma 2.13. Let Y be a compact manifold and let (E, hE ,∇E) be a Hermitian bundle with
connection over Y . We can then define, for k ∈ N, the C k-norm | · |Ck on C∞(Y,E). Let
fn ∈ C∞(Y,E) be a sequence converging weakly to some distribution f . If for any k ∈ N there is
Ck > 0 such that supn |fn|Ck ≤ Ck, then f is smooth and fn converges in the C∞ topology to f .
In the sequel, when we add a superscript (0) to the objects introduced above, we mean their
part of degree 0 in Λ•(T ∗
R,b0
B).
Let || · ||0 be the L2 norm on C∞(TR,x0X,Ex0) induced by hΛ
•(T∗
R
B)
x0 , h
Λ0,•
x0 , h
ξ
x0 and the volume
form dvTX(Z). For s ∈ C∞(X0,Ex0), m ∈ N∗, and t ≥ 0, set
(2.65)
||s||2t,0 = ||s||20,
||s||2t,m =
∑
ℓ≤m
∑
i1,...,iℓ
||∇(0)t,ei1 · · · ∇
(0)
t,eiℓ
s||20.
We denote by Hmt the Sobolov space H
m(X0,Ex0) endowed with the norm || · ||t,m, and by H−1t
the Sobolev space of order −1 endowed with the norm
(2.66) ||s||t,−1 = sup
s′∈H1p\{0}
〈s, s′〉t,0
||s′||t,0 .
Finally, if A ∈ L (Hkt ,Hmt ), we denote by ||A||k,mt the operator norm of A associated with
|| · ||t,k and || · ||t,m.
Let
(2.67) Rt = Lt −L (0)t .
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Proposition 2.14. There exist C1, C2, C3 > 0 such that for any t > 0 and any s, s
′ ∈ C∞(X0,Ex0),
(2.68)
〈L (0)t s, s〉t,0 ≥ C1||s||2t,1 − C2||s||2t,0,∣∣∣〈L (0)t s, s′〉t,0∣∣∣ ≤ C3||s||t,1||s′||t,1,
‖Rts‖t,0 ≤ C4||s||t,1.
Proof. By (1.25), the operators ∇(0)t ,L (0)t are the operators corresponding to ∇t,Lt in the case
where B is a point, thus the first two lines of (2.68) are proved in [28, Thm. 1.6.7].
By (1.28), (2.58) and (2.60), we have
(2.69) ∇t,ei −∇(0)t,ei = O0
(
t2
)
,
where by O0(t
α) we mean an operator of order 0 which is a O(tα). Thus, by (2.61), (2.62) and
(2.69), we have
(2.70) Rt = ∇t,eiO0 (t) +O0(1).
This immediately yields to the last estimate of (2.68). 
Let Γ be the contour in C defined in Figure 2.
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Figure 2.
Proposition 2.15. There exist C > 0, a, b ∈ N such that for any t > 0 and any λ ∈ Γ, the
resolvant (λ−Lt)−1 exists and
(2.71)
∥∥∥(λ−Lt)−1∥∥∥0,0
t
≤ C(1 + |λ|2)a,∥∥∥(λ−Lt)−1∥∥∥−1,1
t
≤ C(1 + |λ|2)b.
Proof. The fact that (2.71) holds for L
(0)
t is proved in [28, Thm. 1.6.8] as a consequence of the
first two lines of (2.68). For λ ∈ Γ, we have
(2.72) (λ−Lt)−1 = (λ−L (0)t )−1 + (λ−L (0)t )−1Rt(λ−L (0)t )−1 + . . . (finite sum).
Moreover, by the third estimate of (2.68), we know that ‖Rt‖1,−1t ≤ C4. Thus, (2.71) follows
from (2.71) for L
(0)
t and (2.72). 
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Proposition 2.16. Take m ∈ N∗. Then there exists a contant Cm > 0 such that for any t > 0,
Q1, . . . , Qm ∈
{
∇(0)t,ei , Zi
}2n
i=1
and s, s′ ∈ C∞c (TR,x0X,Ex0),
(2.73)
∣∣∣∣〈[Q1, [Q2, . . . [Qm,Lt] . . . ]]s, s′〉t,0
∣∣∣∣ ≤ Cm||s||t,1||s′||t,1.
Proof. First, note that [∇(0)t,ei , Zj ] = δij . Thus by (2.61) and (2.62), [Zj,Lt] satisfies (2.73).
Let R1,ρ and R
L
ρ be the curvatures of the connections ∇ + ρ(|Z|/ε)Γ1 and ∇ + ρ(|Z|/ε)ΓL.
Then by (2.47) and (2.56), we have
(2.74)
[∇(0)t,ei ,∇(0)t,ej ] = (RLρ + t2R1,ρ)(0)tZ (ei, ej).
By (2.61), (2.62) and (2.74), we find that
[∇(0)t,ei ,Lt] has the same structure as Lt for t ∈ ]0, 1],
by which we mean that it is of the form
(2.75)
∑
i,j
aij(t, tZ)∇(0)t,ei∇
(0)
t,ei +
∑
i
bi(t, tZ)∇(0)t,ei + c(t, tZ),
where aij , bi, c are polynomials in the first variable, and have all their derivatives in the second
variable uniformly bounded for Z ∈ TR,x0X and t ∈ [0, 1].
The adjoint connection (∇(0)t )∗ of ∇(0)t with respect to 〈· , ·〉t,0 is given by
(2.76) (∇(0)t )∗ = −∇(0)t − t
(
κ−1∇κ)(tZ).
Note that the last term of (2.76) and all its derivative in Z are uniformly bounded for Z ∈ TR,x0X
and t ∈ [0, 1]. Thus, by (2.75) and (2.76), we find that (2.73) holds when m = 1.
Finally, we can prove by induction that [Q1, [Q2, . . . [Qm,Lt] . . . ]] has also the same structure
as in (2.75), and thus satisfies (2.73) thanks to (2.76). 
Proposition 2.17. For any t > 0, λ ∈ Γ and m ∈ N,
(2.77) (λ−Lt)−1
(
H
m
t
) ⊂Hm+1t .
Moreover, for any α ∈ N2n, there exist K ∈ N and Cα,m > 0 such that for any t ∈ ]0, 1], λ ∈ Γ
and s ∈ C∞c (TR,x0X,Ex0),
(2.78)
∥∥Zα(λ−Lt)−1s∥∥t,m+1 ≤ Cα,m(1 + |λ|2)K ∑
α′≤α
||Zα′s||t,m.
Proof. Proposition 2.17 follows from Propositions 2.15 and 2.16 exactly as [28, Thm. 1.6.10]
follows from [28, Thm. 1.6.8 and Prop. 1.6.9], the horizontal part of Lt making no difference. 
Let e−Lt(Z,Z ′) be the smooth kernel of the operator e−Lt with respect to dvTX(Z ′). Let
prM : TRX ×M TRX →M be the projection from the fiberwise product TRX ×M TRX onto M ,
then e−Lt(·, ·) is a section of pr∗M (End (E)) over TRX×M TRX . Recall that ∇End(E) and hEnd(E)
have been defined below (2.53), and let ∇pr∗MEnd(E) (resp. hpr∗MEnd(E)) be the induced connection
(resp. metric) on pr∗MEnd(E).
Theorem 2.18. Let u > 0 be fixed. For any m,m′ ∈ N, there is C > 0 such that for any t > 0,
Z,Z ′ ∈ Tx0X with |Z|, |Z ′| ≤ 1,
(2.79) sup
|α|,|α′|≤m
∣∣∣∣∣ ∂|α|+|α
′|
∂Zα∂Z ′α′
e−uLt(Z,Z ′)
∣∣∣∣∣
Cm
′(M)
≤ C,
where | · |
Cm
′ (M) denotes the C
m′ norm with respect to the parameters b0 and x0 ∈ Xb0 induced
by ∇pr∗MEnd(E) and hpr∗MEnd(E).
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Proof. By (2.71), we know that for k ∈ N∗,
(2.80) e−uLt =
(−1)k−1(k − 1)!
2iπuk−1
∫
Γ
e−uλ(λ−Lt)−kdλ.
Thus, Theorem 2.18 can be proved from Proposition 2.17 exactly as [28, Thm. 1.6.11] is proved
from [28, Thm. 1.6.10]. 
Theorem 2.19. There are constants C > 0 and M ∈ N∗ such that for t > 0,
(2.81)
∥∥((λ−Lt)−1 − (λ −L0)−1)s∥∥0,0 ≤ Ct(1 + |λ|2)M ∑
|α|≤3
||Zαs||0,0.
Proof. This is proved from (2.58), (2.61), (2.62) and (2.65) using a Taylor expansion as done in
[28, Thm. 1.6.12]. 
Theorem 2.20. For u > 0 fixed, there exists C > 0 such that for t > 0 and Z,Z ′ ∈ Tx0X with
|Z|, |Z ′| ≤ 1,
(2.82)
∣∣(e−uLt − e−uL0) (Z,Z ′)∣∣ ≤ Ct1/(2n+1).
Proof. This theorem follows from Theorems 2.18 and 2.19 exactly as [28, Thm. 1.6.13] follows
from [28, Thms. 1.6.11, 1.6.12]. 
We can now prove Theorem 2.10.
By (2.49) and (2.56), we have
(2.83) e−uLt(Z,Z ′) = p−ne−
u
pMp,x0 (tZ, tZ ′)κ1/2(tZ)κ−1/2(tZ ′).
Define
(2.84) L0,u = uψ1/
√
uL0ψ
√
u.
Then by the last line of (2.2), Lemmas 2.7 and 2.13, Theorem 2.18 and 2.20 and (2.83) we get
that for every fixed u > 0 and for the C k-norm on C∞(M,End(E)),
(2.85) p−nψ1/√pe
−B2p,u/p(x0, x0) = p−nψ1/√ue
−upMp,x0 (0, 0) = e−L0,u(0, 0) +O(p−ǫ),
with ǫ = 14n+2 .
Finally, using the fact that
(2.86)
1
4
∑
ij
c(ei)c(ej)R
L(ei, ej) =
∑
l,m
RL(wl, wm)w
m ∧ iwl −
1
2
∑
j
RL(wj , wj)
and (0.2), (2.56), (2.63) and (2.84) we find
L0,u =− u
2
∑
i
(
∇+ 1
2
RLx0(Z, ei)
)2
+ u
∑
l,m
RLx0(wl, wm)w
m ∧ iwl −
1
2
∑
j
RLx0(wj , wj)

+
√
u
2
c(ei)f
αRLi,α(x0) +
fαfβ
2
RLα,β(x0)(2.87)
=− u
2
∑
i
(
∇+ 1
2
〈R˙X,Lx0 Z, ei〉
)2
+Ωu(x0)− u
2
Tr(R˙X,Lx0 ).
The formula for the heat kernel of a harmonic oscillator (see [28, (E.2.4)] for instance) gives
(2.88) e−L0,u(0, 0) = (2π)−n exp(−Ωu,x0)
det(R˙X,Lx0 )
det
(
1− exp(−uR˙X,Lx0 )
) ⊗ Idξ,
which implies Theorem 2.10 by (2.85).
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2.4. Asymptotic of the torsion forms. Let b0 ∈ B be fixed. Again we denote Xb0 by X .
Recall that ωH and Nu are defined respectively in (1.6) and (1.33). let d = dimM .
For x ∈ X , set
(2.89)
Λu(x) = (2π)
−n exp(−Ωu,x) det(R˙
X,L
x )
det
(
Id− exp(−uR˙X,Lx )
) ,
Ru(x) = Trs [NuΛu(x)] .
Let Aj ∈ C∞
(
X,End(Λ•(T ∗
R,b0
B)⊗ Λ0,•(T ∗X))) be such that A−d−1 = 0 and as u→ 0
(2.90) Λu(x) =
k∑
j=−d
Aj(x)u
j +O(uk+1).
Theorem 2.21. There exist Ap,j ∈ C∞
(
X,Λ(T ∗
R
B) ⊗ End(Λ0,•(T ∗X) ⊗ ξ)) such that for any
k, ℓ ∈ N, there exist C > 0 such that for any u ∈]0, 1] and p ≥ 1,
(2.91)
∣∣∣∣∣∣p−nψ1/√p exp
(
−B2p,u/p
)
(x, x)−
k∑
j=−d
Ap,j(x)u
j
∣∣∣∣∣∣
C ℓ(M)
≤ Cuk+1.
Here, C ℓ(M) denotes the C ℓ-norm in the parameter (b, x) ∈M .
Moreover, as p→ +∞, we have for any j ≥ −d
(2.92) Ap,j(x) = Aj(x)⊗ Idξ +O
(
1√
p
)
,
where the convergence is in the C∞ topology on M .
Proof. Theorem 2.21 is proved using the same techniques as [28, Thm. 5.5.9]. Let us give the
mains ideas of the proof, in which it is clear that the part in positive degree of Lt has no
incidence.
First, we localize the problem near x0 ∈ X with the same method as in Section 2.1, in
particular Proposition 2.2. Then we rescale the superconnection as in Section 2.2 to get an
operator, denoted here by Lt,x0 to make the dependance in x0 clearer.
By the finite propagation speed of the wave operator [28, Thm D.2.1], for t small, F˜u(uLt,x0(0, ·))
only depend on the restriction of Lt,x0 on B
TR,x0X(0, 2ε) and is supported in BTR,x0X(0, 2ε).
Now consider a sphere bundle V = {(z, c) ∈ TRX × R : |z|2 + c2 = 1} over X . We em-
bed BTR,x0X(0, 2ε) in Vx0 by sending z to (z,
√
1− |z|2) and we extend Lt,x0 to a generalized
Laplacian L˜t,x0 on Vx0 with values in pr
∗
M (End (E)). Then, similarly as Lemma 2.7, we have for
0 < u ≤ 1
(2.93)
∣∣∣e−uLt,x0 (0, 0)− e−uL˜t,x0 (0, 0)∣∣∣
Cm(M×[0,1])
≤ C exp
(
− ε
2
32u
)
.
Finally, as the total space of V is compact, the heat kernel exp
(
−uL˜t,x0
)
(0, 0) has an as-
ymptotic expansion (starting with u−n) when u→ 0 which depends smoothly on the parameters
x0 and t (see for instance [28, (D.1.24)]). Thus, thanks to Lemma 2.7, (2.85) and (2.93) we find
(2.91) and Ap,j = A∞,j +O(1/
√
p). Moreover, we get A∞,j = Aj ⊗ Idξ from (2.88). 
For j ≥ −d− 1, set
(2.94) A˜j(x) = Trs
[
NVAj(x) + iω
HAj+1(x)
]
.
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Then by (1.33), (2.89) and (2.90), we have
(2.95) Ru(x) =
k∑
j=−d−1
A˜j(x)u
j +O(uk+1).
Set also
(2.96)
Bp,j =
∫
X
Trs
[
NVAp,j(x) + iω
HAp,j+1(x)
]
dvX(x),
Bj =
∫
X
A˜j(x)dvX(x).
Corollary 2.22. For any k, ℓ ∈ N, there exists C > 0 such that for any u ∈]0, 1] and p ≥ 1,
(2.97)
∣∣∣∣∣∣p−nψ1/√pTrs
[
Nu/p exp
(
−B2p,u/p
)]
−
k∑
j=−d−1
Bp,ju
j
∣∣∣∣∣∣
C ℓ(B)
≤ Cuk+1.
Moreover, as p→ +∞, we have for any j ≥ −d− 1
(2.98) Bp,j = rk(ξ)Bj +O
(
1√
p
)
,
where the convergence is in the C∞ topology on B.
Proof. This is a consequence of Theorem 2.21, using (2.94)-(2.96) and ψ1/√pNu/p = Nu. 
Theorem 2.23. There exists C > 0 such that for u ≥ 1 and p ≥ 1,
(2.99)
∣∣∣p−nψ1/√pTrs [Nu/p exp(−B2p,u/p)]∣∣∣
C ℓ(B)
≤ C√
u
.
Theorem 2.23 will be proved in Section 2.5.
Recall that we assumed in the introduction that there is a p0 ∈ N such that the direct image
Riπ∗(ξ⊗Lp) is locally free for all p ≥ p0 and i ∈ {1, . . . , n}, and vanishes for i > 0. In particular,
for p ≥ p0,
(2.100) Hi (X, (ξ ⊗ Lp)|X) = 0 for i > 0.
For p ≥ p0, set
(2.101) ζ˜p(s) = − p
−n
Γ(s)
∫ +∞
0
us−1ψ1/√pΦ
{
Trs
[
Nu/p exp(−B2p,u/p)
]}
du.
Here we make an abuse of notation: we should split the integral in two part as in (1.41). Clearly,
if ζp denotes the zeta function (1.41) associated with Bp,u, we have
(2.102) p−nψ1/√pζp(s) = p
−sζ˜p(s).
We deduce that
(2.103) p−nψ1/√pζ′p(0) = log(p)Bp,0 + ζ˜
′
p(0).
On the other hand, we have for p ≥ p0,
(2.104)
ζ˜′p(0) =−
∫ 1
0
p−nΦ
ψ1/√pTrs [Nu/p exp(−B2p,u/p)]−
0∑
j=−d−1
Bp,ju
j
 duu
−
∫ +∞
1
p−nΦψ1/√pTrs
[
Nu/p exp(−B2p,u/p)
] du
u
−
−1∑
j=−d−1
Bp,j
j
+ Γ′(1)Bp,0.
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Let ζ˜(s) be the Mellin transform of u 7→ − ∫X Ru(x)dvX(x), i.e., for Re(s) > n:
(2.105) ζ˜(s) = − 1
Γ(s)
∫ +∞
0
∫
X
Ru(x)dvX (x)u
s−1du.
Then ζ˜ has a holomorphic extension near 0.
By Theorem 2.21 and Theorem 2.23, we can apply the dominated convergence theorem to
(2.104), and with Theorem 2.10 we find
(2.106) ζ˜′p(0) −−−−−→
p→+∞
rk(ξ)Φζ˜′(0).
Theorem 2.24. Let TH
′
M be the orthonormal complement of TX with respect to RL and let
RL,H
′
= RL|TH′
R
M×TH′
R
M . Then
(2.107) ζ˜′(0) =
1
2
∫
X
det
(
R˙X,L
2π
)
log
[
det
(
R˙X,L
2π
)]
e−R
L,H′
dvX .
Proof. This Theorem is the analogue of [15, (53)] (see also [28, (5.5.60)]) in the family setting.
The main new feature here is the presence in the exponential of terms c(ei)f
α coupling hori-
zontal and vertical variables. This terms make the computations of the super-traces much more
complicated. To deal with them, we draw our inspiration form [32].
We first compute
(2.108) Ru = (2π)
−nTrs
(
Nue
−Ωu) det(R˙X,L)
det
(
Id− exp(−uR˙X,L)) .
Let
(2.109) Ω˜u =
u
4
c(ei)c(ej)R
L
ij +
√
u
2
c(ei)f
αRLiα.
Then by (2.63) and (2.86), we have
(2.110)
Ωu = Ω˜u +
fαfβ
2
RLαβ +
u
2
Tr(R˙X,L),
Trs(Nue
−Ωu) = Trs(Nue−Ω˜u)e−
fαfβ
2 R
L
αβ−u2 Tr(R˙X,L).
As c(ei)c(ej)ωij = 2
√−1(wj ∧ iwj − iwjwj) , we have (see [9, (2.15)])
(2.111) NV =
n
2
−
√−1
4
c(ei)c(ej)ωij
Recall that ωX is defined in (1.1). Set
(2.112)
Ru(b) = −1
2
uRL −
√−1b
2
ωX ,
ωu(b) = −Ω˜u − ib
2
ωX =
1
2
c(ei)c(ej)Ru(b)ij −
√
u
2
c(ei)f
αRLiα.
Then by (1.33), (2.111) and (2.112) we have
(2.113) Trs(Nue
−Ω˜u) =
(
n
2
+
√−1ωH
u
)
Trs(e
ωu(0)) +
∂
∂b
∣∣∣∣
b=0
Trs(e
ωu(b)).
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Note that the matrix
(
Ru(b)ij
)
ij
is invertible for b small enough. We denote the coefficients
of its inverse by Ru(b)
ij . Let
(2.114)
Vi =
∑
α
fαRLiα , Vu,i =
√
u
2
Vi,
V˜u,i =
∑
k
Ru(b)
ikVu,k.
A computation shows that
(2.115)
ωu(b) =
1
2
c(ei)c(ej)Ru(b)ij + Vu,ic(ei)
=
1
2
∑
ij
(c(ei)− V˜u,i)Ru(b)ij(c(ej)− V˜u,j) + 1
2
∑
ij
Vu,iVu,jRu(b)
ij .
Hence,
(2.116) Trs(e
ωu(b)) = Trs
(
e
1
2 (c(ei)−V˜u,i)Ru(b)ij(c(ej)−V˜u,j)
)
e
1
2Vu,iVu,jRu(b)
ij
.
Using this equation and [32, Lem. 2.12], we find
(2.117) Trs(e
ωu(b)) = Trs
(
e
1
2 c(ei)c(ej)Ru(b)ij
)
e
1
2Vu,iVu,jRu(b)
ij
.
We now compute the term Trs
(
e
1
2 c(ei)c(ej)Ru(b)ij
)
. We may assume that R˙X,L (see (0.2)) is
the diagonal matrix diag(a1, . . . , an) in the basis {wj}j . Then
Trs
(
e
1
2 c(ei)c(ej)Ru(b)ij
)
= Trs
(
exp
(
−u
4
c(ei)c(ej)R
L
ij −
√−1b
4
c(ei)c(ej)ωij
))
= Trs
(
e−u
∑
j ajw
j∧iwj+bNV
)
e
u
2 Tr(R˙
X,L)−nb2(2.118)
= Trs
(
e
∑
j(b−u)ajwj∧iwj
)
e
u
2 Tr(R˙
X,L)−nb2 .
We have
(2.119) Trs
(
e
∑
j(b−uaj)wj∧iwj
)
=
∑
I⊂{1,...,n}
(−1)|I|e
∑
i∈I (b−uai) = det
(
Id−eb Id−uR˙X,L
)
,
hence (2.117) and (2.118) give
(2.120) Trs(e
ωu(b)) = det
(
Id−ebe−uR˙X,L
)
e
u
2 Tr(R˙
X,L)−nb2 e
1
2Vu,iVu,jRu(b)
ij
.
We now turn to the computation of the derivative at b = 0 of (2.120). Set
(2.121)
TI =
(
∂
∂b
∣∣∣∣
b=0
det
(
Id−ebe−uR˙X,L
))
e−
1
2ViVj(R
L)ij ,
TII = det
(
Id−e−uR˙X,L
)( ∂
∂b
∣∣∣∣
b=0
e
1
2Vu,iVu,jRu(b)
ij
)
.
Here (RL)ij denotes the coefficients of the inverse of the matrix (RLij)ij .
By (2.120) we have
(2.122)
∂
∂b
∣∣∣∣
b=0
Trs(e
ωu(b)) = −n
2
Trs(e
ωu(0)) + (TI + TII) e
u
2 Tr(R˙
X,L).
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First, we get easily
(2.123) TI = det
(
Id−e−uR˙X,L
)
Tr
[(
Id−euR˙X,L
)−1]
e−
1
2ViVj(R
L)ij .
Secondly, if we define
(2.124)
(
ωXRL
)
ij
=
∑
kl
(RL)ikωkl(R
L)kj and ωXRL(V, V ) = ViVj
(
ωXRL
)
ij
,
then we have
(2.125) TII =
√−1
2u
det
(
Id−e−uR˙X,L
)
ωXRL(V, V )e
− 12ViVj(RL)ij .
Finally, using (2.108), (2.110), (2.113), (2.120), (2.122), (2.123) and (2.125), and defining
(2.126) FH = e−
1
2
(
fαfβRLαβ+ViVj(R
L)ij
)
,
we find
(2.127) Ru =
{√−1
u
(
ωH +
1
2
ωXRL(V, V )
)
+Tr
[(
Id−euR˙X,L)−1]}det( R˙X,L
2π
)
F
H .
In the sequel, we will denote with a subscript {∗} the objects corresponding to the objects
defined above in the case where B is a point (e.g. R
{∗}
u , A˜
{∗}
j , ...). This objects are in fact the
ones appearing in [15] and [28, Sect. 5.5.4], and are the part of degree 0 of our objects. By
(2.95), (2.127) and [28, (5.5.37)-(5.5.40)] we have
(2.128)
Ru =
{√−1
u
(
ωH +
1
2
ωXRL(V, V )
)
det
(
R˙X,L
2π
)
+R{∗}u
}
F
H
A˜j = A˜
{∗}
j F
H for j 6= −1 ,
A˜−1 =
{
A˜
{∗}
−1 +
√−1
(
ωH +
1
2
ωXRL(V, V )
)
det
(
R˙X,L
2π
)}
F
H .
In particular,
(2.129)
A˜j = 0 for j ≤ −2,
Ru − A˜−1
u
− A˜0 =
{
R{∗}u −
A˜
{∗}
−1
u
− A˜{∗}0
}
F
H .
Since R˙X,L ∈ End(T (1,0)X) has positive eigenvalues, we find using (2.128), (2.129) and R{∗}u =
Tr
[(
Id−euR˙X,L)−1]det( R˙X,L2π ) that for Re(z) > 1,
(2.130) ζ˜(z) =
(∫
X
det
(
R˙X,L
2π
)
Tr
[(
R˙X,L
)−z]
F
HdvX
)
1
Γ(z)
∫ +∞
0
uz−1
e−u
1− e−u du.
Let ζ(z) =
∑+∞
n=0
1
nz be the Riemann zeta function. Then classically, we have
(2.131)
ζ(z) =
1
Γ(z)
∫ +∞
0
uz−1
e−u
1− e−u du,
ζ(0) = −1
2
, ζ′(0) = −1
2
log(2π).
THE ASYMPTOTIC OF THE HOLOMORPHIC ANALYTIC TORSION FORMS 31
Finally, (2.130) and (2.131) yields to
(2.132)
ζ˜′(0) = −ζ(0)
∫
X
det
(
R˙X,L
2π
)
Tr
[
log
(
R˙X,L
)]
F
HdvX + nζ
′(0)
∫
X
det
(
R˙X,L
2π
)
F
HdvX
=
1
2
∫
X
det
(
R˙X,L
2π
)
log
[
det
(
R˙X,L
2π
)]
F
HdvX .
To prove (2.107), we now have to prove that FH = e−R
L,H′
, i.e.
(2.133) fαfβRLαβ + ViVj(R
L)ij = f ′αf ′βRL(f ′α, f
′
β)
for some basis {f ′α}α of TH
′
R
M (the right hand side does not depend on the choice of {f ′α}α).
We choose f ′α so that f
′
α − fα = uα ∈ TRX . Recall that fα ∈ T ∗RM is in fact fα,H with
(·)H : T ∗
R
B
∼−→ TH,∗
R
M . On the other hand, if we extend f ′α ∈ TH′,∗
R
M to T ∗
R
M = T ∗
R
X⊕TH′,∗
R
M
in the obvious way. Then we obtain easily
(2.134) f ′α = fα ∈ T ∗RM.
Write uα =
∑
i u
i
αei. By (2.134), we have on the one hand
(2.135)
RL(f ′α, f
′
β)f
′αf ′β = RL(f ′α, fβ + u
j
βej)f
αfβ
= RL(f ′α, fβ)f
αfβ =
(
RLαβ + u
i
αR
L
iβ
)
fαfβ.
On the other hand,
(2.136) RLi,β = R
L(ei, f
′
β − ukβek) = −ukβRLik,
so we have by (2.114)
(2.137)
ViVj(R
L)ij = RLiαR
L
jβ(R
L)ijfαfβ
= ukαR
L
ikR
L
jβ(R
L)ijfαfβ = ujαR
L
jβf
αfβ.
By (2.135) and (2.137), we get (2.133). Theorem 2.24 is proved. 
We can now finish the proof of Theorem 0.3. Recall that ΘX is defined in (2.1). Then
(2.138) det
(
R˙X,L
2π
)
dvX =
ΘX,n
n!
.
By (2.127) we have
(2.139) A˜0 =
n
2
det
(
R˙X,L
2π
)
F
H .
Now by Corollary 2.22, (2.103), (2.106), Theorem 2.24, (2.138) and (2.139), we have in the
smooth topology on B as p→ +∞
ψ1/√pζ′p(0) = log(p)p
nB0 + p
nΦζ˜′(0) + o(pn)
=
rk(ξ)
2
Φ
{∫
X
log
[
det
(
pR˙X,L
2π
)]
e−R
L,H′ (pΘX)n
n!
}
+ o(pn)(2.140)
=
rk(ξ)
2
∫
X
log
[
det
(
pR˙X,L
2π
)]
exp
(√−1
2π
RL,H
′
+ pΘX
)
+ o(pn),
which is (0.3). Thanks to Corollary 2.22, Theorem 2.23, (2.103)and (2.104), we can apply Lemma
2.13 to get Theorem 0.3.
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2.5. Proof of Theorem 2.23. We will use here the notations of Section 2.1 and in particular
of (2.21). Let
(2.141) Cp =
1
p
B2p =
1
p
(D2p +Rp).
By the last line of (2.2), we have
(2.142) p−nψ1/√pTrs
[
Nu/pe
−B2p,u/p
]
= p−nTrs
[
Nuψ1/
√
ue
−uCpψ√u
]
.
By (2.22) and (2.24), there exists ν > 0 such that for p large
(2.143)
Sp(Dp/
√
p) ⊂ ]−∞,−√ν ] ∪ {0} ∪ [√ν,+∞[,
Sp(Cp) ⊂ {0} ∪ [ν,+∞[.
In the sequel, we will assume that (2.143) holds for p ≥ 1. Let δ be the counterclockwise oriented
circle in C centered at 0 and of radius ν/2, and let ∆ be the contour in C defined in Figure 3.
✲
✻
3ν
4
r
◮
◭
∆
δ
0
-1
1
✫✪
✬✩rν2
Figure 3.
Set
(2.144)
Pp,u =
1
2iπ
ψ1/
√
u
∫
δ
e−uλ(λ− Cp)−1dλ,
Kp,u =
1
2iπ
ψ1/
√
u
∫
∆
e−uλ(λ− Cp)−1dλ.
Then
(2.145) p−nψ1/√pTrs
[
Nu/pe
−B2p,u/p
]
= p−nTrs [Nu(Pp,u +Kp,u)] .
We will deal separately with the terms Pp,u and Kp,u.
In the rest of this section, we will work on a subset of B small enough so that we can assume
that M = B ×X .
The term involving Ku,p.
Definition 2.25. For A ∈ Λ•(T ∗
R
B)⊗End (Ω0,•(X, ξ ⊗ Lp)), let ||A||∞ be the norm of operator
of A viewed as an endomorphism of L2(X,Ep) and for q ∈ N∗, let
(2.146) ||A||q =
(
Tr
[
(A∗A)q/2
])1/q
.
Note that if ||A||q and ||A′||∞ exist, then
(2.147) ||AA′||q ≤ ||A||q||A′||∞.
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Remark 2.26. We do not specify the dependance in b ∈ B or p ∈ N∗ of the norm || · ||q to make
the notations lighter.
Lemma 2.27. Let λ0 ∈ R∗−. Then there exists q0 such that for q ≥ q0, for U ∈ TRB and ℓ ∈ N,
there is a C > 0 such that for p ≥ 1
(2.148) p−n
∥∥∥(∇End(Ep)U )ℓ(λ0 − Cp)−q∥∥∥
1
≤ C.
Proof. Set
(2.149) Hp = D
2
p/p− λ0.
Then Hp is a self-adjoint positive generalized Laplacian on X . By [2, Thm. 2.38], we know that
for k > 1 + dimR X+r2 , the operator H
−k
p has a C
r kernel given for (x, x′) ∈ X ×X by
(2.150) H−kp (x, x
′) =
1
(k − 1)!
∫ +∞
0
e−tHp(x, x′)tk−1dt.
Thus,
(2.151)
Tr
[
H−kp
]
=
1
(k − 1)!
∫
X
∫ +∞
0
Tr
[
e−tHp(x, x)
]
tk−1dtdvX(x)
=
1
(k − 1)!
∫ +∞
0
Tr
[
e−tHp
]
tk−1dt.
Now, using the degree 0 of Theorem 2.10 we find that p−nTr
[
e−
1
pD
2
p
]
converges (along with
its derivatives) when p → +∞. In particular, p−nTr
[
e−
1
pD
2
p
]
and its derivative are bounded.
Moreover, D2p is positive. Thus, for ℓ ∈ N, there is C > 0 such that for t ≥ 1 and p ∈ N∗,
(2.152)
p−n
∣∣Tr [e−tHp]∣∣
C ℓ(B)
= p−n
∣∣∣Tr [e− tpD2p]∣∣∣
C ℓ(B)
eλ0t
= p−n
∣∣∣Tr [e− t−1p D2pe− 1pD2p]∣∣∣
C ℓ(B)
eλ0t
≤ p−n
∣∣∣Tr [e− 1pD2p]∣∣∣
C ℓ(B)
eλ0t ≤ Ceλ0t.
Moreover, using the part of degree 0 in Theorem 2.21, we find that for any k, ℓ ∈ N, there exist
ap,j ∈ R and C > 0 such that for any t ∈]0, 1] and p ≥ 1,
(2.153)
∣∣∣∣∣∣p−nTr
[
exp
(
− t
p
D2p
)]
−
k∑
j=−n−1
ap,jt
j
∣∣∣∣∣∣
C ℓ(B)
≤ Ctk+1.
To remove the NV operator in the trace in the above equation, we used that D
2
p preserves the
vertical degree.
Splitting the integral in (2.151) at t = 1 and using (2.152) and (2.153), we find that for k
large enough,
(2.154) p−n
∣∣Tr [H−kp ]∣∣C ℓ(B) ≤ C.
Thus, there exists q0 ∈ N such that for q ≥ q0 there is C > 0 such that
(2.155) p−n
∥∥(λ0 −D2p/p)−q∥∥1 = p−nTr [H−qp ] ≤ C.
Moreover, by (2.143) there is a C′ > 0 such that for p ≥ 1,
(2.156)
∥∥(λ0 −D2p/p)−1∥∥∞ ≤ C′.
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A closer look at Bismut’s Lichnerowicz formula (1.29) and (1.30) enables us to sharpen (2.21):
locally, under the trivialization on Uxk (see Section 2.1), we have
(2.157)
1
p
Rp =
1
p
O1 +O0,
were Ok is a differential operator of order k (which does not depend on p). Moreover, in the
same way as in Lemma 2.1, we can easily prove from (2.6) (when B is a point) that
(2.158) ||s||H1(p) ≤ C
(||Dps||L2 + p||s||L2).
Consequently, if s is an eigenfunction of Dp/
√
p for the eigenvalue µ,
1
p
||Rps||L2 ≤
1
p
||s||H1(p) + ||s||L2
≤ C 1
p
||Dps||L2 + C′||s||L2(2.159)
≤ C
(
1 +
|µ|√
p
)
||s||L2 ≤ C(1 + |µ|)||s||L2 .
This estimate yields to
(2.160)
1
p
∥∥Rp(λ0 −D2p/p)−1∥∥∞ ≤ C sup
µ∈[√ν,+∞[
1 + µ
|λ0 − µ2| ≤ C
′.
As in (2.23), we have
(2.161) (λ0 − Cp)−1 = (λ0 −D2p/p)−1 + (λ0 −D2p/p)−1(Rp/p)(λ0 −D2p/p)−1 + · · · ,
with only finitely many terms (as Rp is sum of elements of positive degree in Λ
•(T ∗
R
B)). Thus,
for q ∈ N∗, (λ0 − Cp)−q is a sum of terms of the form
(2.162) (λ0 −D2p/p)−k0Rp/p · · ·Rp/p(λ0 −D2p/p)−ki ,
with 0 ≤ i ≤ dimRB, kj ≥ 1 and
∑
j kj = q + i. In particular, there exist j0 such that
kj0 ≥ qdimR B+1 . Thus, if q is large enough, then (λ0 −Cp)−q is a sum of product of terms of the
form (2.162) – which are bounded for ‖ · ‖∞ by (2.156) and (2.160) – and of (λ0 − D2p/p)−q0 .
Thus, form (2.147) and (2.155), we get Lemma 2.27 for ℓ = 0.
Using (2.161), we find that ∇End(Ep)U (λ0 − Cp)−q is a sum of terms
(2.163) (λ0 −D2p/p)−k0Ak1(p) · · ·Aki(p)(λ0 −D2p/p)−ki ,
with 0 ≤ i ≤ dimRB + 1, kj ≥ 1,
∑
j kj = q + i and
(2.164) Akj (p) ∈
{
Rp/p,∇End(Ep)U Rp/p,∇End(Ep)U D2p/p
}
.
Thus, using the same reasoning as above with Rp/p replaced by Akj (p), to prove Lemma 2.27
for ℓ = 1, we only have to show that there exists C > 0 such that for any p ∈ N∗
(2.165)
∥∥Akj (p)(λ0 −D2p/p)−1s∥∥L2 ≤ C‖s‖L2.
By (2.160), estimation (2.165) holds if Akj (p) = Rp/p. Also, as ∇End(Ep)U Rp/p has the same
structure as Rp/p in (2.157), we can show that (2.165) holds if Akj (p) = ∇End(Ep)U Rp/p. We only
have the case Akj (p) = ∇End(Ep)U D2p/p left to treat.
First, observe that for any operator A, it is equivalent to show that ‖As‖L2 ≤ C‖s‖L2 for
any section or for any section supported in a ball of radius ε > 0. We fix x0 ∈ X , and ε > 0
as in Section 2.2, and we consider a section s supported in BX(x0, ε). We will use here all the
notations, identifications an trivializations of Section 2.2. We extend s by 0 to get an element
THE ASYMPTOTIC OF THE HOLOMORPHIC ANALYTIC TORSION FORMS 35
of C∞c (TR,x0X,Ex0). To simplify, let us denote ∇End(Ep)U D2p/p(λ0 − D2p/p)−1 by Ap(λ0). Let
σt = S
−1
t κ
1/2s and At(λ0) = S
−1
t κ
1/2Ap(λ0)κ
−1/2St. We have
(2.166)
‖Ap(λ0)s‖2L2 = t2n
∫
R2n
∣∣∣κ1/2(Ap(λ0)s)∣∣∣2 (tZ)dvTX(Z) = t2n ∫
R2n
|At(λ0)σt|2 (Z)dvTX(Z).
Thus, if we prove that
(2.167) ‖At(λ0)‖0,0t ≤ C,
we will find
(2.168) ‖Ap(λ0)s‖2L2 ≤ Ct2n
∫
R2n
|σt|2 (Z)dvTX(Z) = C
∫
X
|s|2(x)dvX(x) = C‖s‖2L2,
which is the estimate we needed. To prove (2.167), observe that over BTR,x0X(0, ε) and under
the identification Ep ≃ E, we have
(2.169)
∇End(Ep) = ∇End(E) = ∇+ [Γ1, ·],
∇End(Ep)(∇pei ) = p(∇UΓL)(ei) +RE(U, ei).
Hence, ∇End(Ep)D2p/p has the form
(2.170) ∇End(Ep)D2p/p = ai,j(Z)
1
p
∇p,(0)ei ∇p,(0)ej +
( 1√
p
bj(Z)+
√
pcj(Z)
) 1√
p
∇p,(0)ej +
1
p
d(Z)+e(Z),
where ai,j , bj, cj , d and e are bounded (along with their derivatives). Moreover, observe that
(∇UΓL)(ei)(Z) = O(|Z|) (apply [28, (1.2.30)] and observe that ∇U only differentiate the param-
eter of the basis B), and that cj(Z) comes from the terms (∇UΓL)(ei), so we have cj(0) = 0.
Using this fact and (2.170), we find that t−1cj(tZ) is bounded as t→ 0 and that
(2.171) S−1t κ
1/2
(
∇End(Ep)D2p/p
)
κ−1/2St =
ai,j(tZ)∇(0)t,ei∇
(0)
t,ej +
(
bj(tZ) + t
−1cj(tZ)
)∇(0)t,ej + t2d(tZ) + e(tZ).
Using this structure, the fact that At(λ0) = S
−1
t κ
1/2
(∇End(Ep)D2p/p)κ−1/2St(λ0 −L (0)t )−1 and
arguments similar to those in the proof of Propositions 2.15-2.17 (see [28, Thms. 1.6.8-1.6.10]),
we find (2.167).
We have proved Lemma 2.27 for ℓ = 1. The case ℓ ≥ 1 is similar. 
Proposition 2.28. For any ℓ ∈ N, there exist a, C > 0 such that for p ≥ 1 and u ≥ 1,
(2.172) p−n
∣∣Trs [NuKp,u] ∣∣C ℓ(B) ≤ Ce−au.
Proof. First, note that (2.156) is still true if we replace λ0 by λ ∈ δ ∪∆, and that the constant
in the right hand side can be chosen independently of λ0 ∈ ∆, that is: there exists C > 0 such
that
(2.173)
∥∥(λ−D2p/p)−1∥∥∞ ≤ C, ∀λ ∈ δ ∪∆.
In the same way, (2.160) is also true if we replace λ0 by λ ∈ ∆ and we have supµ≥√c 1+µ|λ−µ2| ≤ C|λ|,
hence there exists C > 0 such that for λ ∈ δ ∪∆,
(2.174)
1
p
∥∥Rp(λ −D2p/p)−1∥∥∞ ≤ C|λ|.
Thus by (2.161), (2.173) and (2.174), there exists C > 0 such that for p ≥ 1 and λ ∈ δ ∪∆,
(2.175)
∥∥(λ− Cp)−1∥∥∞ ≤ C|λ|.
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For λ ∈ ∆ and λ0 ∈ R∗−, we have
(2.176)
(λ − Cp)−1 = (λ0 − Cp)−1 − (λ− λ0)(λ0 − Cp)−1(λ− Cp)−1,
(λ − Cp)−q = (λ0 − Cp)−q
(
1− (λ− λ0)(λ− Cp)−1
)q
.
From (2.147), (2.148) (2.175) and (2.176) we find that for λ ∈ δ ∪∆,
(2.177)
∥∥(λ− Cp)−q∥∥1 ≤ ∥∥(λ0 − Cp)−q∥∥1 ∥∥∥(1− (λ − λ0)(λ − Cp)−1)q∥∥∥∞
≤ C|λ|2q
∥∥(λ0 − Cp)−1∥∥q ≤ C|λ|2qpn.
On the other hand, we have
(2.178) Kp,u =
1
2iπ
ψ1/
√
u
∫
∆
(q − 1)!
(−u)q−1 e
−uλ(λ − Cp)−qdλ,
and there exist κ,K > 0 such that for λ ∈ δ ∪∆,
(2.179) Re(λ) ≥ K|λ| ≥ κ.
From (2.177), (2.178) and (2.179) we deduce that there exist a, C > 0 such that for p ∈ N∗, u ≥ 1,
p−n
∣∣Trs [NuKp,u] ∣∣ ≤ p−nC(1 +√u−n/2)∥∥∥∥∫
∆
(q − 1)!
(−u)q−1 e
−uλ(λ − Cp)−qdλ
∥∥∥∥
1
≤ p−nC
∫
∆
|λ|2qe−uK|λ|
∥∥(λ− Cp)−q∥∥1 dλ ≤ Ce−au.
Proposition 2.28 is proved in the case where ℓ = 0.
We now turn to the case ℓ = 1. Equation (2.176) implies
(2.180) ∇End(Ep)U (λ − Cp)−q =
[
∇End(Ep)U (λ0 − Cp)−q
] (
1− (λ− λ0)(λ− Cp)−1
)q
+ (λ0 − Cp)−q
[
∇End(Ep)U
(
1− (λ− λ0)(λ− Cp)−1
)q]
.
We claim that there is C,N > 0 such that for λ ∈ δ ∪∆
(2.181)
∥∥∥∇End(Ep)U (1− (λ − λ0)(λ − Cp)−1)q∥∥∥∞ ≤ C|λ|N .
Indeed, the arguments of Propositions 2.15-2.17 that enables us to prove (2.167) from (2.171)
also shows that (2.167) is still true if we replace therein λ0 by λ ∈ δ∪∆ and that moreover there
exists N > 0 such that ‖At(λ)‖0,0t ≤ C|λ|N . Hence, as in (2.168), we have ‖Ap(λ)‖∞ ≤ C|λ|N ,
i.e.,
(2.182)
∥∥∥∇End(Ep)U D2p/p(λ0 −D2p/p)−1∥∥∥∞ ≤ C|λ|N .
Thus, decomposing ∇End(Ep)U
(
1− (λ− λ0)(λ− Cp)−1
)q
as a polynomial in λ whose coefficients
have the form (2.163), and using (2.173), (2.174) and (2.182), we find (2.181).
Then, by (2.147), (2.148), (2.180) and (2.181), we find that there is N ′ > 0 such that
(2.183) p−n
∥∥∥∇End(Ep)(λ − Cp)−q∥∥∥
1
≤ C|λ|N ′ .
Hence,
(2.184)
p−n
∣∣∣∇Λ•(T∗RB) Trs [NuKp,u]∣∣∣ = p−n ∣∣∣Trs [∇End(Ep)(NuKp,u)]∣∣∣
≤ p−nC
∫
∆
e−uK|λ|
∥∥∥∇End(Ep)(λ− Cp)−q∥∥∥
1
dλ
≤ Ce−au.
THE ASYMPTOTIC OF THE HOLOMORPHIC ANALYTIC TORSION FORMS 37
This proves (2.172) for ℓ = 1.
The proof of Proposition 2.28 for ℓ ≥ 1 relies on similar arguments. 
The term involving Pp,u.
Proposition 2.29. For any ℓ ∈ N, there is a C > 0 such that for any p ≥ 1 and u ≥ 1,
(2.185) p−n
∣∣Trs [NuPp,u] ∣∣
C ℓ(B)
≤ C√
u
.
Proof. We first rewrite Pp,u. As Cp has no eigenvalues between the two circles δ and δ/u, we
have
(2.186)
Pp,u =
1
2iπ
ψ1/
√
u
∫
δ/u
e−uλ(λ − Cp)−1dλ
=
1
2iπ
ψ1/
√
u
∫
δ
e−λ(λ− uCp)−1dλ.
We now use the technique of [7, Sect. 9.13]. Let C
(0)
p =
1
pD
2
p be the part of Cp of degree 0 in
Λ•(T ∗
R
B). We denote by Pp the orthogonal projection form Ω
0,•(X, ξ ⊗ Lp) to the kernel of D2p,
and P⊥p = 1 − Pp. We will make the abuse of notation (C(0)p )−1 = P⊥p (C(0)p )−1P⊥p . Finally, we
denote Rp/p by R˜p. Then for λ ∈ δ,
e−λ(λ− uCp)−1 =
∑
k≥0
(−1)k
k!
λk
∑
ℓ≥0
(λ− uC(0)p )−1(uR˜p) . . . (uR˜p)(λ − uC(0)p )−1
 ,
(λ− uC(0)p )−1 =
1
λ
Pp + (λ− uC(0)p )−1P⊥p .(2.187)
Moreover, λ 7→ (λ−uC(0)p )−1P⊥p is an holomorphic function on the interior of δ, so (2.187) yields
to
(2.188) Pp,u = ψ1/
√
u
dimR B∑
ℓ=0
∑
1≤i0≤ℓ+1
j1,...,jℓ+1−i0≥0∑ℓ+1−i0
m=1 jm≤i0−1
(−1)ℓ−
∑
m jm
(i0 − 1−
∑
m jm)!
Tp,1(uR˜p)Tp,2 . . . (uR˜p)Tp,ℓ+1,
where Pp appears i0 times among the Tp,j ’s and the other terms are given respectively by
(uC
(0)
p )−(1+j1),. . . ,(uC
(0)
p )−(1+jℓ+1−i0 ).
As Rp is the part of positive degree of B
2
p and B
(0)
p = Dp (see (1.25)), we can decompose Rp
with respect to the degree in Λ•(T ∗
R
B):
(2.189) Rp = R
(1)
p +R
(≥2)
p with R
(1)
p =
[
B(1)p , Dp
]
.
We can rewrite the sum (2.188) as a sum of products of terms
(2.190)
A1(uψ1/√uR˜
(1)
p )A2 or A1(uψ1/
√
uR˜
(≥2)
p )A2,
Ai ∈ {Pp, (uC(0)p )−(1+j), (uC(0)p )−(1+j)/2}.
Moreover, observe that
(2.191) Pp
[
B(1)p , Dp
]
Pp = 0.
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As a consequence, the possible degrees in u of a term A1(uψ1/
√
uR˜
(1)
p )A2 = A1(
√
uR˜
(1)
p )A2 are:
(2.192)

degu Pp
√
uR˜(1)p Pp = −∞,
degu Pp
√
uR˜(1)p (uC
(0)
p )
−r = degu(uC
(0)
p )
−r√uR˜(1)p Pp =
1
2
− r,
degu(uC
(0)
p )
−r√uR˜(1)p (uC(0)p )−r
′
=
1
2
− r − r′.
In any case, by (2.190), these terms are polynomials in 1/
√
u.
Concerning the terms A1(uψ1/
√
uR˜
(≥2)
p )A2, as R
(≥2)
p is a sum of terms of degree greater than
2 in Λ•(T ∗
R
B) we find that the powers of u appearing are:
(2.193)

u−j/2 in Pp(uψ1/√uR˜
(≥2)
p )Pp,
u−r−j/2 in Pp(uψ1/√uR˜
(≥2)
p )(uC
(0)
p )
−r or (uC(0)p )
−r(uψ1/√uR˜
(≥2)
p )Pp,
u−r−r
′−j/2 in (uC(0)p )
−r(uψ1/√uR˜
(≥2)
p )(uC
(0)
p )
−r′ ,
where r, r′ ∈ 12N∗ and 2 ≤ j ≤ dimRB. This shows that Pp,u is in CN
[
1√
u
]
for some uniform
N ∈ N. Furthermore, in each term of the sum (2.188) i0 ≥ 1 so Pp –which is a projector on a
finite dimensional space– appears at least one time. Hence there exist ck(p) ∈ Ω•(B) such that
(2.194) p−nTrs [NuPp,u] =
K∑
k=0
ck(p)u
−k/2.
Moreover, by (2.159), we have for r, r′ ≥ 12
(2.195)

||PpR˜pPp||∞ ≤ C,
||PpR˜p(C(0)p )−r||∞ , ||(C(0)p )−rR˜pPp||∞ ≤ C sup
µ≥√ν
(
(1 + µ)µ−2r
)
≤ C′,
||(C(0)p )−rR˜p(C(0)p )−r
′ ||∞ ≤ C′′.
Therefore, each term in the sum (2.188) is a product of uniformly bounded terms, in which Pp
appears at least once (because i0 ≥ 1). Thus,
(2.196) |ck(p)| ≤ p−nC dimker(D2p) = p−nC dimH0(X, ξ ⊗ Lp) ≤ C.
For the last inequality we have used Riemann-Roch-Hirzebruch theorem (see e.g. [28, Thm.
1.4.6]) and Kodaira vanishing theorem.
Finally, using Theorem 1.15, (2.145) and Proposition 2.28 we have for p large fixed
(2.197) p−nTrs [NuPp,u] −−−−−→
u→+∞
p−nψ1/√pTrs
[
NV exp(−(∇H(X,ξ⊗L
p|X))2)
]
= 0.
Thus c0(p) = 0 and by (2.194) and (2.196) we find (2.185) in the case ℓ = 0.
We now turn to the case ℓ = 1. By decomposing as above Pp,u in a sum of product of
polynomial in 1/
√
u, and then differentiating in the direction U ∈ TRB, we find that∇End(Ep)U Pp,u
is also a sum of product of polynomial in 1/
√
u. Thus, here again there exist c′k(p) ∈ Ω•(B) such
that
(2.198) p−n∇Λ
•(T∗
R
B)
U Trs [NuPp,u] = p
−nTrs
[
∇End(Ep)U NuPp,u
]
=
K∑
k=0
c′k(p)u
−k/2.
To conclude the proof as above, we need not only the uniform bounds given in (2.195), but also of
the derivative of the terms appearing therein. To obtain these bounds, we use similar reasonings
THE ASYMPTOTIC OF THE HOLOMORPHIC ANALYTIC TORSION FORMS 39
that those undertaken in Propositions 2.27 and 2.28 (in particular the proof of (2.182)) to handle
the derivatives.
For ℓ ≥ 1, the reasoning is similar. 
With (2.145) and Propositions 2.28 and 2.29, we have proved Theorem 2.23.
3. Torsion forms associated with a direct image.
The purpose of this section is to prove Theorem 0.7.
We recall some notations. Let N , M and B be three complex manifolds. Let π1 : N → M
and π2 : M → B be holomorphic fibrations with compact fiber Y and X respectively. Then
π3 := π2 ◦ π1 : N → B is a holomorphic fibration, whose compact fiber is denoted by Z. We
denote by nX (resp. nY , nZ) the complex dimension of X (resp. Y , Z). Note that π1|Z : Z → X
is a holomorphic fibration with fiber Y . This is summarized in the following diagram:
Y // Z //
π1

N
π1

π3
  ❆
❆
❆
❆
❆
❆
❆
❆
X // M π2
// B
Let (π2, ω
M ) be a structure of Hermitian fibration (see Section 1.1). We denote by THB M the
corresponding horizontal space.
Let (ξ, hξ) be a holomorphic Hermitian vector bundle on M , and let (η, hη) be a holomorphic
Hermitian vector bundle on N . Let (L, hL) be a holomorphic Hermitian line bundle on N . We
denotes its Chern connection by ∇L, and the corresponding curvature by RL. By Assumption
0.4, L is positive along the fibers of π3. In particular,
√−1
2π R
L defines metric gTRZ on TRZ, by
the formula
(3.1) gTRZ(U, V ) =
√−1
2π
RL(U, JTRZV ) , U, V ∈ TRZ.
Similarly, we get a metric gTRY on TRY .
Recall that
(3.2) THB N = (TZ)
⊥, THMN = (TY )
⊥, THX Z = T
H
MN ∩ TZ,
where the orthogonal complements are taken with respect to RL. Also, R˙X,L ∈ π∗3End(TX)
is the Hermitian matrix such that for any U, V ∈ TX , if we denote their horizontal lifts by
UH , V H ∈ THX Z, then
(3.3) RL(UH , V
H
) = 〈R˙X,LU, V 〉hTX .
By Assumption 0.4, R˙X,L is positive definite. Finally, set
(3.4) ΘN =
√−1
2π
RL and ΘZ =
√−1
2π
RL|TRZ×TRZ .
We extend ΘZ to TRN = TRZ ⊕ (TRZ)⊥,ΘN by zero.
Recall that we have assumed that (for p large) the direct image both R•π1∗(η⊗Lp) is locally
free. Let Fp := H
•(Y, (η ⊗ Lp)|Y ) the corresponding bundle, endowed with the L2 metric hFp
induced by hη, hL and gTRY .
We have also assumed that (for p large) R•π2∗(ξ ⊗ Fp) of is locally free and that we have
R•π2∗(ξ ⊗ Fp) ≃ R•π3∗(π∗1ξ ⊗ η ⊗ Lp).
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The objects corresponding to this situation will be denoted by
(3.5)
Ekp,b = C
∞ (Xb, (Λ0,k(T ∗X)⊗ ξ ⊗ Fp) |Xb) ,
∇p = ∇Ep,LC ,
∂¯p = Dolbeault operator of Ep,
Dp = ∂¯
p + ∂¯p,∗,
Bp , Bp,u = associated superconnections as in (1.23),
∇pu = connection corresponding to (1.28) associated with ξ ⊗ Fp = ∇u ⊗ 1 + 1⊗∇Fp .
Then we can construct as in Section 1 the holomorphic analytic torsion forms T (ωM , hξ⊗Fp)
associated with ωM and (ξ ⊗ Fp, hξ⊗Fp).
The strategy of proof of Theorem 0.7 will be formally the same as for Theorem 0.3. However,
the main difficulty is that in the case of a line bundle (that is Y = {∗}), Fp = Lp is of constant
dimension 1 so locally the operators have their coefficients in a fixed space (see Remark 2.6),
whereas it is not the case here. To overcome this issue, we will use an approach inspired by
[14, 13], that is we will consider all the operators depending on p at once with the formalism
of Toeplitz operators of [28]. More precisely, we will consider the family {B2p,u, p ∈ N} as a
differential operators with coefficient in the Toeplitz algebra (see (3.23)). A crucial point is to
use the operator norm on matrices to have boundedness properties of Toeplitz operators. Here,
the first difficulty is that there is no longer a limiting operator (as the space changes), but we
can show that instead there is an asymptotic operator with Toepltiz coefficients. The problem
is then that we cannot compute its heat kernel explicitly (with comparison to (2.88)), but using
the properties of operator with Toeplitz coefficients developed in Section 3.3, we can nonetheless
give an asymptotic formula. An other difficulty comes from the fact that we cannot use the same
method to prove the uniform development of the heat kernel as u→ 0 as we did before (see the
proofs of Theorems 2.21 and 3.22), and we cannot hope to prove that the coefficients converges.
Instead, we prove that the coefficients are asymptotic to certain Toepltiz operators.
Once again, to simplify the statements in the following, we will assume that B is compact.
However, the reader should be aware of the fact that the constants appearing in the sequel
depends on the compact subset of B we are working on.
This section is organized as follows. In Subsections 3.1 and 3.2, we recall the formalism of
Toepltiz operators. In Subsection 3.3, we introduce operators with Toeplitz coefficients and show
some properties of their Schwartz kernels. In Subsection 3.4, we show that our problem is local.
In Subsection 3.5, we rescale the Bismut superconnection and compute the limit operator, then
we obtain the convergence of the heat kernel in Theorem 0.10. Then, in Subsection 3.6, we prove
our main theorem, using two results which are proved in Subsections 3.7 and 3.8.
3.1. The algebra of Toeplitz operators. In this subsection, we describe the formalism of
Toeplitz operators introduced by Berezin [1] and Boutet de Monvel-Guillemin [18], and developed
by Bordemann-Meinrenken-Schlichenmaier [17], Schlichenmaier [36] and Ma-Marinescu [28], [29].
We fix m ∈M for this subsection, and we denote Ym simply by Y .
Thus, we are given a complex manifold Y of dimension nY , endowed with an Hermitian vector
bundle (η, hη)|Y and with a positive line bundle (L, hL)|Y . Recall that RL is the Chern curvature
of L and that
(3.6) ΘY =
√−1
2π
RL|TRY×TRY ,
and gTRY = ΘY (·, J ·) is the associated metric.
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Let
(3.7) A = C∞(Y,End(η)),
which we endow A with the L2-metric induced by gTRY , hL and hη.
For p ∈ N and A ∈ End(L2(Y, η ⊗ Lp)), we will use the same notations as in Definition 2.25,
i.e., ||A||∞ denotes the operator norm of A and ||A||1 its trace norm (if A is trace class).
Let Pp be the orthogonal projection form L
2(Y, η ⊗ Lp) onto H0(Y, η ⊗ Lp). By Riemann-
Roch-Hirzebruch theorem and Kodaira vanishing theorem, we now that dimFp ≤ CpnY , thus if
A ∈ End(L2(Y, η ⊗ Lp)) is such that PpAPp = A, we have
(3.8) ||A||1 ≤ C||A||∞pnY .
If (V, hV ) is any finite dimensional Hermitian vector space and if u ∈ End(V ), we denote by
‖u‖ the operator norm of u.
For f ∈ A, set
(3.9) ‖f‖C 0 = sup
y∈Y
‖f(y)‖.
This defines a metric on A.
For f ∈ A, we denote by Tf,p the Berezin-Toeplitz quantization of f , that is
(3.10) Tf,p = PpfPp.
Observe that
(3.11) ||Tf,p||∞ ≤ ‖f‖C 0.
Moreover, by [28, (4.1.84), Lem. 7.2.4], as p→ +∞, we have
(3.12) TrFp [Tf,p] = p
nY
∫
Y
Trη[f ]eΘ
Y
+O(pnY −1).
Recall that Toeplitz operators are defined in Definition 0.9. As in [28], for a Toeplitz operator
Tp with corresponding sections fr, we will use the notation
(3.13) Tp =
+∞∑
r=0
p−rTfr,p +O(p
−∞).
We denote by T the space of Toeplitz operators on Y .
It follows from the above references that T is an algebra. More precisely, it is proved in [30,
Thm. 0.3 Rem. 0.5] that there are bidifferential operators Cr such that for f, g ∈ A,
(3.14)
Tf,p ◦ Tg,p =
+∞∑
r=0
p−rTCr(f,g),p +O(p
−∞),
C0(f, g) = fg.
In particular,
(3.15)
Tf,p ◦ Tg,p = Tfg,p +O(p−1),
[Tf,p, Tg,p] = T[f,g],p +O(p
−1),
[Tf,p, Tg,p]+ = T[f,g]+,p +O(p
−1),
where [ · , · ]+ denotes the anti-commutator.
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3.2. Infinite dimensional bundles. From now on, we will consider A and T as infinite dimen-
sional bundles of algebra on M : for m ∈M ,
(3.16)
Am = C∞
(
Ym,End(η|Ym)
)
,
Tm = {Toeplitz operators on the fiber Ym}.
In particular, an element of T define a family of elements of End(Fp), p ∈ N. Moreover, ‖ · ‖C 0
defines a metric on the bundle A, and || · ||∞ and || · ||1 define two metrics on the bundle T .
In the sequel, for any hermitian bundle (V , hV) on M , we will still denote by || · ||∞ and || · ||1
the induced metrics on V ⊗ T .
We define a connection on A as follows: if f ∈ C∞(M,A) = C∞(N,End(η)) and U ∈ TRM ,
then
(3.17) ∇AUf = ∇ηUHf,
where UH is the horizontal lift of U in THM,RN (see (3.2)).
Define also Fp as the infinite dimensional bundle:
(3.18) Fp,m = C∞
(
Ym, (η ⊗ Lp)|Ym
)
.
Then Fp is a sub-bundle of Fp and Fp is endowed with the connection ∇Fp defined by
(3.19) ∇FpU s = ∇η⊗L
p
UH
s,
where UH is the horizontal lift of U ∈ TRM in THM,RN .
Finally, A and Fp are equipped with the L2 metrics hA and hFp associated to gTRY , hη and
hL. By Remark 0.6 and [9, Thm. 1.5], we know that ∇A and ∇Fp preserve the metrics hA and
hFp . Furthermore, if ∇Fp is the Chern connection on (Fp, hFp), then by (1.9) and (1.48), we
have
(3.20) ∇Fp = Pp∇FpPp.
Let RFp be the curvature of ∇Fp . We denote again by Pp the projection from Λ•(T ∗RM)⊗Fp
onto Λ•(T ∗
R
M)⊗Fp. The following theorem of Ma-Zhang [31, Thm 2.1] is the cornerstone of our
approach.
Theorem 3.1. Let f ∈ C∞(M,A). The forms ∇FpTf,p and 1pRFp are Toeplitz operators valued
form, which means that there are ϕr(f) ∈ C∞
(
M,T ∗
R
M ⊗A) and Rr ∈ C∞(M,Λ2(T ∗RM)⊗A)
such that
(3.21)
∇FpTf,p =
+∞∑
r=0
Tϕr(f),pp
−r +O(p−∞),
1
p
RFp =
+∞∑
r=0
TRr,pp
−r +O(p−∞).
Moreover, For U, V ∈ TRM , we have
(3.22)
ϕ0(f)(U) = ∇ηUHf,
R0(U, V ) = R
L(UH , V H).
Using the Lichnerowicz formula (1.29) and Theorem 3.1, we deduce that for b ∈ B,
(3.23) B2p,u|Xb ∈ Op(Xb)⊗ Λ•(T ∗b B)⊗ End
(
Λ0,•(T ∗Xb)⊗ ξ|Xb
)⊗ C[p]⊗ T |Xb ,
where Op(Xb) is the algebra of scalar differential operators on Xb.
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3.3. Operators with Toeplitz coefficients. In this section, we extend the results of [28, Sects.
7.2-7.4] to the case of Toeplitz operators with value in the algebra of bounded operator on a fixed
Hilbert space. We use the notations of Sections 3.1 and 3.2, and we work on a single fiber Ym,
which will be simply denoted by Y .
Let (H, 〈·, ·〉H) be a Hilbert space and B(H) the algebra of bounded operators on H. We
denote again by Pp the orthogonal projection
(3.24) Pp ⊗ IdH : L2(Y, Lp ⊗ η)⊗H = L2(Y, Lp ⊗ η ⊗H)→ H0(Y, Lp ⊗ η)⊗H,
and for every smooth family A(y) ∈ End(ηy)⊗ B(H), y ∈ Y , we can define the operator
(3.25) TA,p = PpA(·)Pp : L2(Y, Lp ⊗ η ⊗H)→ L2(Y, Lp ⊗ η ⊗H).
Here again, we denote by ‖·‖∞ the operator norm for bounded operators acting on the Hilbert
space L2(Y, Lp ⊗ η ⊗H).
We extend the definition of Toeplitz operators to this situation: here again we call Toeplitz
operator a family of operators Tp ∈ End(L2(Y, Lp ⊗ η ⊗ H)) satisfying the two properties of
Definition 0.9, with fr ∈ C∞
(
Y,End(η)⊗ B(H)).
The results of [28, Sects. 7.2-7.4] can be easily extended to the present situation, and the proofs
of results below proceed as of the proofs of [28], replacing therein End(Ex0) by End(ηy0)⊗B(H)
endowed with the operator norm. The important point is the we use the operator norm here,
which has similar properties in finite and infinite dimensions. We will thus not give details of
the proofs in the rest of this section.
Lemma 3.2. The operator TA,p has a smooth Schwartz kernel
(3.26) TA,p(y, y
′) ∈ (Lp ⊗ η)y ⊗ (Lp ⊗ η)∗y′ ⊗ B(H)
with respect to dvY (y
′).
For ε > 0, ℓ,m ∈ N, there is Cℓ,m,ε > 0 such that for all p ≥ 1 and y, y′ ∈ Y with d(y, y′) > ε,
(3.27) ‖TA,p(y, y′)‖Cm(Y×Y ) ≤ C′ℓ,m,εp−ℓ,
where the Cm-norm is induced by ∇L, ∇η, the usual derivation on H and hL, hη, ‖ · ‖H.
Recall that TY is endowed with the Hermitian structure induced by RL|TY×TY . For y0 ∈ Y ,
we choose {vi}nYi=1 an orthonormal basis of Ty0Y . Then u2j−1 = 1√2 (vj+vj) and u2j =
√−1√
2
(vj −
vj), j = 1, . . . , nY , forms an orthonormal basis of TR,y0Y , which gives use an isomorphism
TR,y0Y ≃ R2nY . We denote the dependence on the base point y0 by adding a superscript y0.
On R2nY ≃ CnY , we denote the coordinates by (W1, . . . ,W2nY ) or (w1, . . . , wnY ), with wj =
W2j−1 +
√−1W2j . Let P be the operator on L2(R2nY ) defined by its kernel with respect to
dW :
(3.28) P(W,W ′) =
1
(2π)m
exp
(
−1
4
(|w|2 + |w′|2 − 2w · w′)
)
.
Then P is the usual Bergman kernel on CnY .
We fix y0 ∈ Y . As usually, for ε > 0 small enough, we identify the geodesic ball BY (y0, 4ε) with
the ball BTR,y0Y (0, 4ε) in TR,y0Y via the exponential map. The various bundles appearing here
on BTR,y0Y (0, 4ε) are trivialized by mean of orthonormal frames at y0 and of parallel transport
for the corresponding connections along the rays u ∈ [0, 1] 7→ uW . Let dvTRY be the volume
form on (TR,y0Y, g
TR,y0Y ), we denote by τy0 the function satisfying
(3.29) dvY (W ) = τy0(W )dvTRY (W ), τy0(0) = 1.
Let prY be the natural projection from the fiberwise product TRY ×Y TRY to Y . Consider
an operator Ξp : L
2(Y, Lp⊗ η)⊗H → L2(Y, Lp⊗ η)⊗H which as a smooth kernel Ξp(y, y′) with
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respect to dvY (y
′). Under our trivialization, this kernel induces a smooth section Ξy0p (W,W
′) of
pr∗Y (Endη)⊗ B(H) over {(y,W,W ′) : |W |, |W ′| ≤ 4ε} ⊂ TRY ×Y TRY .
Let Qr,y0 ∈ End(ηy0)⊗B(H)[W,W ′], r ∈ N, be polynomials in W,W ′ with values in End(ηy0)
which depends smoothly on y0 ∈ Y . In the sequel, we denote
(3.30) p−nY Ξy0p (W,W
′) ∼=
k∑
r=0
(
Qr,y0P
)
(
√
pW,
√
pW ′)p−
r
2 +O(p−
k+1
2 )
if there exist 0 < ε′ < 4ε and C0 > 0 such that for any ℓ ∈ N, there exist Ck,ℓ,M > 0 such that
for any W,W ′ ∈ TR,y0Y , |W |, |W ′| < ε′ and any p, we have
(3.31)
∥∥∥∥∥p−nY Ξy0p (W,W ′)τ1/2y0 (W )τ1/2y0 (W ′)−
k∑
r=0
(
Qr,y0P
)
(
√
pW,
√
pW ′)p−
r
2
∥∥∥∥∥
C ℓ(Y )
≤ Ck,ℓp−
k+1
2 (1 +
√
p|W |+√p|W ′|)Me−
√
C0p|W−W ′| +O(p−∞).
Here, C ℓ(Y ) denotes the C ℓ-norm for the parameter y0 ∈ Y induced by the operator norms on
End(ηy0) and B(H), and by O(p−∞) we mean a term such that for any ℓ, ℓ1 ∈ N, there exists
Cℓ,ℓ1 > 0 such that its C
ℓ1 -norm is dominated by Cℓ,ℓ1p
−ℓ.
Recall that by [28, Lem. 7.2.3], there exist Jr,y0 ∈ End(ηy0)[W,W ′] polynomials in W,W ′
with values in End(ηy0) with the same parity as r and with J0,y0 = Idηy0 , such that
(3.32) p−nY P y0p (W,W
′) ∼=
k∑
r=0
(
Jr,y0P
)
(
√
pW,
√
pW ′)p−
r
2 +O(p−
k+1
2 )
Lemma 3.3. Let A ∈ C∞(Y,End(η) ⊗ B(H)). Then there exist a family of End(ηy0) ⊗ B(H)-
valued polynomials {Qr,y0(A)}r∈N,y0∈Y with the same parity as r and smooth in y0 ∈ Y such that
for any k ∈ N, |Z|, |Z ′| < ε/2,
(3.33) p−nY T y0A,p(W,W
′) ∼=
k∑
r=0
(
Qr,y0(A)P
)
(
√
pW,
√
pW ′)p−
r
2 +O(p−
k+1
2 ),
and moreover,
(3.34) Q0,y0(A) = A(y0).
We now state the analogue of [28, Thm 7.3.1], which gives a criterion for being a Toeplitz
operator.
Theorem 3.4. Let Tp : L
2(Y, Lp ⊗ η ⊗ H) → L2(Y, Lp ⊗ η ⊗ H) be a family of bounded linear
operators which satisfies the following three conditions:
(i) for any p ∈ N, PpTpPp = Tp;
(ii) for any ε0 > 0 and ℓ,m ∈ N, there exists Cℓ,m > 0 such tat for all p ≥ 1 and all y, y′ ∈ Y
with d(y, y′) > ε0,
(3.35) ‖Tp(y, y′)‖Cm(Y×Y ) ≤ Cℓ,mp−ℓ;
(iii) there exists a family of polynomial Qr,y0 ∈ End(ηy0)⊗B(H)[W,W ′] with the same parity
as r and depending smoothly in y0 such that in the sense of (3.30) and (3.31),
(3.36) p−nY T y0p (W,W
′) ∼=
k∑
r=0
(Qr,y0P)(√pW,√pW ′)p− r2 +O(p− k+12 ).
Then {Tp}p≥1 is a Toeplitz operator.
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The main result of this section (at least as far as the rest of this paper is concerned) provides
an analogue of (3.14). It is proved in the same way as [28, Thm. 7.4.1], using Lemma 3.3 and
Theorem 3.4.
Theorem 3.5. For any A,B ∈ C∞(Y,End(η)⊗B(H)), the product of TA,p and TB,p is a Toeplitz
operator. More precisely, there are bidifferential operators Cr such that in the sense of (3.13),
(3.37) TA,pTB,p =
+∞∑
r=0
p−rTCr(A,B),p +O(p
−∞),
and we have
(3.38) C0(A,B) = AB.
3.4. Localization. Fix b0 ∈ B. We use the same notations and trivializations that in Section
2.1, except that we change therein Lp by Fp, so that now
(3.39)
Ep = Λ
•
b0(T
∗
RB)⊗
(
Λ0,•(T ∗X)⊗ ξ ⊗ Fp
)
,
E = Λ•b0(T
∗
RB)⊗
(
Λ0,•(T ∗X)⊗ ξ) .
Once again, we want to emphasize that the curtail difference with Section 2 is that the di-
mension of Ep is not constant but grows to infinity. This is why we have to use the operator
norm on End(Fp) and Toeplitz operators (notably their boundedness and the properties of their
derivatives).
We first prove that Lemma 2.1 still holds in the present situation.
Lemma 3.6. For any k ∈ N, there exists Ck > 0 such that for any p ≥ 1, u > 0 and s ∈
H
2k+2(X,Ep),
(3.40) ||s||2
H
2k+2(p) ≤ Ckp4k+4
k+1∑
j=0
p−4j||B2jp s||L2 .
Proof. As in the proof of Lemma 2.1, we work locally on one of the Uxj ’s and trivialize Ep in
the way indicated at the beginning of Section 2.1.
Let e˜i(Z) be the parallel transport of ei with respect to ∇TRX along the curve t ∈ [0, 1] 7→ tZ.
Let Γξ, ΓFp and ΓΛ
0,•,LC be the connection form of ∇ξ, ∇Fp and ∇Λ0,•,LC with respect to any
fixed frame for ξ, Fp and Λ
0,•(T ∗X) which is parallel along the curve t ∈ [0, 1] 7→ tZ under the
trivialization on Uxk .
Then
(3.41) ∇p1,e˜i = ∇e˜i + (ΓΛ
0,•,LC + Γξ + ΓFp)(e˜i) +
1√
2
S(e˜i, e˜j , fα)c(e˜j)f
α
+
1
2
S(e˜i, fα, fβ)f
αfβ +
1
2
(
ie˜i
(
∂¯M − ∂M) iω)c.
Moreover, we know that the Lie derivative LZΓFp of ΓFp is given by LZΓFp = iZRFp (see [28,
(1.2.32)] for instance). Similarly, LZΓL = iZRL. This, together with Theorem 3.1, implies that
ΓFp is a Toeplitz operator and that there is a Γ ∈ C∞(Zb0 , T ∗RN ⊗ C) such that
(3.42) ΓFp(U) = pTΓ(UH),p +O(1).
Hence, (3.41) become
(3.43) ∇pu,ei = ∇ei + ΓΛ
0,•,LC + Γξ + pTΓ(eHi ),p +
1√
2u
Si,j,αc(ej)f
α +
1
2u
Si,α,βf
αfβ
+
1
2
ψ1/
√
u
(
iei
(
∂¯M − ∂M) iω)cψ√u +O(1).
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We now prove that B2p has a similar structure as in (2.7). By (3.11), we know that for
s ∈H1(Uxj ,Ep,xj ),
(3.44) ||TΓ(eHi ),ps||L2 ≤ C||s||L2 and ||TΓH ,p∇Us||L2 ≤ C||s||H1(p).
Moreover, using (3.15), Theorem 3.1 and (3.42), we find
(3.45) ∇UTΓ(eHi ),p = TΓ(eHi ),p∇U + TUH (Γ(eHi )),p +O0(1),
where O0(1) denotes a bounded family of operators of degree 0 acting on Fp. As a consequence,
we have for s ∈H1(Uxj ,Ep,x0),
(3.46) ||∇UTΓH ,ps||L2 ≤ C||s||H1(p).
Let DX = ∂¯X + ∂¯X,∗ be the Dirac operator on Λ0,•(T ∗X)⊗ ξ. Using (1.29), [28, Thm. 1.4.7],
(3.43), (3.44) and (3.46), we find as in (2.7):
(3.47) B2p = D
X,2 +R+ pOp,1 + pO1p,0 + p2O2p,0
where R is a differential operators acting on Λ•b0(T
∗
R
B)⊗ (Λ0,•(T ∗X)⊗ ξ)
xj
, and Op,1, O1p,0 and
O2p,0 are differential operators acting on Ep,xj such that there is C > 0 such that for p ≥ 1 and
s ∈Hk+1(Uxj ,Ep,x0):
(3.48)
||Op,1s||Hk(p) ≤ C||s||Hk+1(p),
||Oip,0s||Hk(p) ≤ C||s||Hk(p), i = 1, 2.
The proof of Lemma 3.41 follows from (3.47) and (3.48) exactly in the same way as Lemma
2.1 follows from (2.7). 
Now, we want to prove an analogue of Proposition 2.2. The main ingredient in the proof of
this proposition is the spectral gap of the Dirac operator. Thus, we begin with the following
lemma. Recall that Dp is the Dirac operator on Λ
0,•(T ∗X)⊗ ξ ⊗ Fp.
Lemma 3.7. There exist C0, CL > 0 and µ0 > 0 such that
(3.49) Sp(D2p) ⊂ {0}∪]C0p− CL,+∞[.
Proof. As done in [28, Cor. 1.4.17], we can apply Nakano’s inequality to the bundle Fp⊗det(TX)∗
and obtain that for s ∈ Ω(0,•)(X,Fp),
(3.50)
3
2
〈D2ps, s〉 ≥ 〈RFp⊗det(TX)
∗
(wj , wk)w
k ∧ iwjs, s〉 − C||s||2L2 .
Here C is independent on p as is comes from the norm of the so-called Hermitian torsion operator
of X (see [28, (1.4.10)]). From Theorem 3.1 and (3.11), (3.50) we deduce that here are C0, CL > 0
such that for p ≥ 1 and s ∈ Ω(0,>0)(X,Fp),
(3.51) ||Dps||2L2 ≥ (C0p− CL)||s||2L2 .
Finally, if s ∈ Ω(0,0)(X,Fp) satisfies D2ps = λs for some λ 6= 0, then 0 6= Dps ∈ Ω(0,1)(X,Fp) is
still an eigenvector of D2p for the eigenvalue λ, hence λ ≥ C0p− CL. The proof of Lemma 3.7 is
completed. 
Recall that the functions Fu, Gu and Hu and their tilded versions have been defined in (2.11)
and (2.12).
We still denote by π the projection π : X ×B X → B be the projection from the fiberwise
product X ×B X to B. Then G˜u(vB2p)(·, ·) is a section of Ep⊠E∗p over X ×B X . Let ∇Ep be the
connection on Ep induced by ∇Λ•(T∗RB), ∇Λ0,•,LC , ∇Fp and ∇ξ, and let ∇Ep⊠E∗p be the induced
connection on Ep ⊠ E
∗
p. In the same way, let h
Ep be the metric on Ep induced by h
Λ•(T∗
R
B),
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hΛ
0,•,LC , hL and hξ, and let hEp⊠E
∗
p be the induced metric on Ep ⊠ E
∗
p. Note that this metric
restricts to the operator norm on the bundle End(Ep) over M ≃ {(b, x, x′) ∈ X ×B X : x = x′}.
We can now prove the analogue of Proposition 2.2:
Proposition 3.8. For any m ∈ N, ε > 0, there exist C > 0 and N ∈ N such that for any u > 0
and any p ∈ N∗,
(3.52)
∥∥∥∥G˜up (upB2p)(·, ·)
∥∥∥∥
Cm
≤ CpN exp
(
− ε
2p
16u
)
.
Where the Cm-norm is induced by ∇Ep⊠E∗p and hEp⊠E∗p .
Proof. This proposition follows from Lemmas 3.6 and 3.7 exactly as Proposition 2.2 follows from
Lemma 2.1 and (2.24). The only difference is that here we decompose B2p as
(3.53)
B2p = D
2
p +Rp,
Rp ∈ Λ≥1(T ∗RB)⊗Op≤1X
(
Λ0,•(T ∗X)⊗ ξ)⊗ C[p]⊗ T ,
and thus to obtain the analogues of (2.27) and (2.40), we also have to use the fact that Toeplitz
operators are uniformly bounded for the operator norm (see (3.11)). 
Corollary 3.9. For any m ∈ N, ε > 0, there exist C(u) > 0 a rational fraction in √u and
N ∈ N such that for any u > 0 and any p ∈ N∗,
(3.54)
∥∥∥ψ1/√pG˜up (B2p,u/p)(·, ·)∥∥∥
Cm
≤ C(u)pN exp
(
− ε
2p
16u
)
.
3.5. Convergence of the heat kernel. Here, we get the analogue of the results of Sections
2.2 and 2.3, and we prove Theorem 0.10. By comparison to Section 2, the difficulty is twofold.
Firstly, as above in Section 3.4, we have to take into account the fact that the dimension of
Fp grows to infinity, which is done thanks to Toeplitz operators. Secondly, if we can prove the
convergence of the heat kernel of the rescaled operator to the heat kernel of some asymptotic
operators in the vein Section 2.3, we can no longer compute the “limiting” heat kernel explicitly.
However, using the results of Section 3.3, we can give the asymptotic of this heat kernel, which
will enable us to conclude.
Fix u > 0, b0 ∈ B and x0 ∈ Xb0 . We use the same notations and trivializations that in Section
2.2, changing therein Lp by Fp, and thus pΓ
L by ΓFp . We get a connexion
(3.55) ∇Ep,x0 = ∇+ ρ(|Z|/ε) (ΓFp + Γ1) ,
on the trivial bundle
(3.56) Ep,x0 = Λ
•(T ∗R,b0B)⊗
(
Λ0,•(T ∗X)⊗ ξ ⊗ Fp
)
x0
over Tx0X , as well as a Laplacian ∆
Ep,x0 .
Recall that {fα} denotes a frame of TRB, with dual frame {fα}. Let e˜i(Z) be the parallel
transport of ei with respect to ∇TRX0,LC along the curve t ∈ [0, 1] 7→ tZ. Then {e˜i}i is an
orthonormal frame of TRX0.
Set
(3.57) Φ =
KX
8
+
1
4
c(e˜i)c(e˜j)L
′ξ(e˜i, e˜j) +
1√
2
c(e˜i)f
αL′ξ(e˜i, fα) +
fαfβ
2
L′ξ(fα, fβ)
−
(
∂¯M∂M iω
)c
− 1
16
∥∥∥ (∂¯X − ∂X) iωX∥∥∥2
Λ•(T∗
R
X)
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and
(3.58) Mp,x0 =
1
2
∆Ep,x0 + ρ(|Z|/ε)Φ
+ ρ(|Z|/ε)
(
1
4
c(e˜i)c(e˜j)R
Fp(e˜i, e˜j) +
1√
2
c(e˜i)f
αRFp(e˜i, fα) +
fαfβ
2
RFp(fα, fβ)
)
.
Then Mp,x0 is a second order elliptic differential operator acting on C
∞ (TR,x0X,Ep,x0). More-
over, if Bx0 is the algebra:
(3.59) Bx0 = Op(TR,x0X)⊗ Λ•(T ∗R,b0B)⊗ End
(
Λ0,•(T ∗x0X)⊗ ξx0
)⊗ C(√p)⊗ Tx0 ,
then Theorem 3.1, {(Mp)Z}p≥1 is in Bx0 . Finally, near 0, ∇Ep,x0 = ∇p and Mp,x0 = B2p.
Remark 3.10. Working on Ep,x0 amount to replace the fibration Z
Y→ X by the trivial fibration
TR,x0X×Y → TR,x0X . However, as pointed out earlier, we cannot substitute Ep,x0 here by some
fixed Ex0 as in Section 2.2.
Let exp(−B2p)(Z,Z ′) and exp(−Mp,x0)(Z,Z ′) be the smooth heat kernel of B2p andMp,x0 with
respect to dvX0(Z
′).
Lemma 3.11. For any m ∈ N, ε > 0, there exist C > 0 and N ∈ N such that for any p ∈ N∗,
(3.60)
∥∥∥∥exp(− upB2p)(x0, x0)− exp(− upMp,x0)(0, 0)
∥∥∥∥
Cm(M)
≤ CpN exp(− ε
2p
16u
),
where ‖·‖Cm(M) denotes the Cm-norm in the parameters b0 ∈ B and x0 ∈ X induced by ∇End(Ep)
and the operator norm hEnd(Ep).
Proof. As explain in the proof of Lemma 2.7, we can prove Lemma 3.11 by proving analogs of
Lemma 3.6 and Porposition 3.8 for Mp,x0 , and using the finite propagation speed of the wave
equation. 
In the sequel, if U ∈ TRM , we denote by UH its lift to THM,RN . Moreover, the basis {fα} of
TRB has already been identified with a basis of T
H
R
M , and when we write fHα we mean the
lift in THM,RN of fα wiewed as an element of T
H
R
M (which is not necessarily the same as
the lift of fα ∈ TRB in THB,RN). If ea1 , ea2 are some vectors among the ei and the fα we set
(3.61) RLa1,a2 = R
L(eHa1 , e
H
a2).
To simplify the notations, we also write ci for c(eHi ).
Similarly to what is done in (2.56), we define for t = 1√p , s ∈ C∞(Tx0X,Ep,x0) and Z ∈ Tx0X :
(3.62)
(Sts)(Z) = s(Z/t),
∇t = tS−1t κ1/2∇Ep,x0κ−1/2St,
Lt = t
2S−1t κ
1/2Mp,x0κ
−1/2St,
Recall that [· , ·]+ is our notation for the anti-commutator. We define for U ∈ TR,x0X :
(3.63)
∇t,U = ∇U + T 12RL(ZH ,UH ),p(x0),
L t = −
1
2
∑
i
{
∇ei2 + [∇ei , T 12RL(ZH ,eHi ),p(x0)]+ + T( 12RL(ZH ,eHi ))2,p(x0)
}
+ T 1
4 c
icjRLi,j+
1√
2
cifαRLi,α+
fαfβ
2 R
L
α,β ,p
(x0).
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Proposition 3.12. When t→ 0, we have the following asymptotic in Bx0
(3.64) ∇t,ei = ∇t,ei +O(t) and Lt = L t +O(t).
Proof. First, by Theorem 3.1, if f is a smooth section of A over a compact subset of M , there is
a C > 0 such that
(3.65) ||∇FpTf,p||∞ ≤ C.
By (3.55) and (3.62), we have
(3.66) ∇t,ei(Z) = κ1/2 (tZ)
{
∇ei + ρ(t|Z|/ε)
(
tΓ
Fp
tZ (ei) + tΓ1,tZ(ei)
)}
κ−1/2 (tZ) .
Moreover, observe that in (2.59), the term O(|Z|2) is given by the norm of the derivatives of the
curvature, thus, by (2.59) and (3.65) and Theorem 3.1, we know that
(3.67) tΓ
Fp
tZ (U) =
t2
2
RFpx0 (Z,U) +O
(
t3
)
= T 1
2R
L
x0
(ZH ,UH ),p(x0) +O(t
2).
Hence, by (2.60) and (3.66), and the fact that ρ(0) = κ(0) = 1, we find the first asymptotic
development of Proposition 3.12.
As in (2.61) and (2.62), we have
(3.68) Lt = −gij(tZ)
(
∇t,ei∇t,ej − t∇t,∇TX0ei ej
)
+ t2ρ(t|Z|/ε))
{
κ1/2
(
Φ+
1
4
c(e˜i)c(e˜j)R
Fp(e˜i, e˜j)
+
1√
2
c(e˜i)f
αRFp(e˜i, fα) +
fαfβ
2
RFp(fα, fβ)
)
κ−1/2
}
tZ
.
From Theorem 3.1, the first development in (3.64) and (3.68), we find
(3.69) Lt = −1
2
∑
i
(∇t,ei)2 + T 1
4 c
icjRLi,j+
1√
2
cifαRLi,α+
fαfβ
2 R
L
α,β ,p
(x0) +O(t).
Using the first equation of (3.15) and (3.69), we get the second identity of (3.64). The proof of
Proposition 3.12 is completed. 
The next step is to prove an analogue of Theorem 2.20.
Let e−Lt(Z,Z ′), e−L t(Z,Z ′) be the smooth kernels of the operators e−Lt , e−L t with respect
to dvTX(Z
′). Let prX be the projection from the fiberwise product TRX ×X TRX to X , then
these kernels are sections of pr∗X
(
End(Ep)
)
over TRX ×X TRX .
Theorem 3.13. For u > 0 fixed, there exists C > 0 such that for t > 0 and Z,Z ′ ∈ TR,x0X with
|Z|, |Z ′| ≤ 1, we have the following estimates form the operator norm:
(3.70)
∥∥∥ (e−uLt − e−uL t) (Z,Z ′)∥∥∥ ≤ Ct1/(2nX+1).
The proof of Theorem 3.13 follows the same strategy as the proof of Theorem 2.20 in Section
2.3. Here again, the difficulties coming from the fact that the dimension on Fp tend to infinity
are dealt with the properties of Toeplitz operators.
Recall that we add a superscript (0) to the objects introduced above to denote their part of
degree 0 in Λ•(T ∗
R,b0
B).
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Let || · ||t,0 be the L2 norm on C∞(TR,x0X,Ep,x0) induced by hΛ
•(T∗
R
B)
x0 , h
Λ0,•
x0 , h
ξ
x0 , h
Fp
x0 and
the volume form dvTX(Z). For s ∈ C∞(X0,Ep,x0), m ∈ N, and p ∈ N∗, set
(3.71)
||s||2t,m =
∑
ℓ≤m
∑
i1,...,iℓ
||∇(0)t,ei1 · · ·∇
(0)
t,eiℓ
s||2t,0,
||s||2t,m =
∑
ℓ≤m
∑
i1,...,iℓ
||∇t,ei1 · · ·∇t,eiℓ s||
2
t,0.
We denote by Hmt the Sobolov space H
m(X0,Ep,x0) endowed with the norm || · ||t,m, and by
H
−1
t the Sobolev space of order −1 endowed with the norm
(3.72) ||s||t,−1 = sup
s′∈H1p\{0}
〈s, s′〉p,0
||s′||t,1 .
Finally, if A ∈ L (Hkt ,Hmt ), we denote by ||A||k,mt the operator norm of A associated with
|| · ||t,k and || · ||t,m.
Let
(3.73) Rt = Lt −L (0)t .
Proposition 3.14. There exist constants C1, C2, C3 > 0 such that for any t > 0 and any
s, s′ ∈ C∞(X0,Ep,x0),
(3.74)
〈L (0)t s, s〉t,0 ≥ C1||s||2t,1 − C2||s||2t,0,∣∣∣〈L (0)t s, s′〉t,0∣∣∣ ≤ C3||s||t,1||s′||t,1,
‖Rts‖t,0 ≤ C4||s||t,1.
Proof. By (3.68), we have
(3.75) 〈L (0)t s, s〉t,0 =
1
2
||∇(0)t s||2t,0 +
〈
T 1
4 c
icjRLi,j(x0),p
s, s
〉
t,0
+O(t)||s||2t,0.
Together with (3.11), this gives the first two estimates of (3.74).
By (2.60), (3.66) and (3.68), we see that (2.69) and (2.70) are still true, hence the last estimate
of (3.74) holds. 
We define a contour Γ in C as in Figure 2 in Section 2.3, but using the C2 of Theorem 3.14.
Proposition 3.15. There exist C > 0, a, b ∈ N such that for any t > 0 and any λ ∈ Γ, the
resolvant (λ−Lt)−1 exists and
(3.76)
∥∥∥(λ−Lt)−1∥∥∥0,0
t
≤ C(1 + |λ|2)a,∥∥∥(λ−Lt)−1∥∥∥−1,1
t
≤ C(1 + |λ|2)b.
Proof. Proposition 3.15 follows from Proposition 3.14 exactly as Proposition 2.15 follows from
Proposition 2.14. 
Proposition 3.16. Take m ∈ N∗. Then there exists a contant Cm > 0 such that for any t > 0,
Q1, . . . , Qm ∈
{
∇(0)t,ei , Zi
}2nX
i=1
and s, s′ ∈ C∞c (TR,x0X,Ep,x0),
(3.77)
∣∣∣∣〈[Q1, [Q2, . . . [Qm,Lt] . . . ]]s, s′〉t,0
∣∣∣∣ ≤ Cm||s||t,1||s′||t,1.
Proof. This Proposition is proved in the same way as Proposition 2.16. 
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From Proposition 3.16, we can deduce the following result as done for Proposition 2.17.
Proposition 3.17. For any t > 0, λ ∈ Γ and m ∈ N,
(3.78) (λ −Lt)−1
(
H
m
t
) ⊂Hm+1t .
Moreover, for any α ∈ N2nX , there exist K ∈ N and Cα,m > 0 such that for any t > 0, λ ∈ Γ
and s ∈ C∞c (TR,x0X,Ep,x0),
(3.79)
∥∥Zα(λ−Lt)−1s∥∥t,m+1 ≤ Cα,m(1 + |λ|2)K ∑
α′≤α
||Zα′s||t,m.
Let e−Lt(Z,Z ′) be the smooth kernel of the operator e−Lt with respect to dvTX(Z ′). Let
prX : TRX×X TRX → X be the projection from the fiberwise product TRX×M TRX to M , then
e−Lt(·, ·) is a section of pr∗X (End (Ep)) over TRX ×M TRX . Let ∇End(Ep) be the connection on
the bundle End(Ep) overM induced by ∇Λ•(T∗RB), ∇Λ0,•,LC , ∇ξ and ∇Fp , and let ∇pr∗XEnd(Ep) be
the induced connection on pr∗XEnd(Ep). Then ∇pr
∗
XEnd(Ep) and the operator norm on End(Ep)
induce naturally a Cm-norm for the parameters b0 ∈ B and x0 ∈ Xb0 .
Theorem 3.18. For any m,m′ ∈ N, there is C > 0 such that for any t > 0, Z,Z ′ ∈ TR,x0X
with |Z|, |Z ′| ≤ 1,
(3.80) sup
|α|,|α′|≤m
∥∥∥∥∥ ∂|α|+|α
′|
∂Zα∂Z ′α′
e−Lt(Z,Z ′)
∥∥∥∥∥
Cm
′ (M,pr∗XEnd(Ep))
≤ C,
where | · |
Cm
′(M,pr∗XEnd(Ep))
denotes the Cm
′
norm with respect to the parameters b0 in a compact
subset of B and x0 ∈ Xb0 .
Proof. For m ∈ N and p ∈ N∗, let
(3.81) Qm =
{
∇(0)t,ei1 · · · ∇
(0)
t,eij
}
j≤m
.
As in the proof of Theorem 2.18 (see [28, (1.6.48)-(1.6.52)]), it follows from Proposition 3.17
that there exists Cm > 0 such that for p ∈ N∗ and Q,Q′ ∈ Qm,
(3.82)
∥∥Qe−LtQ′∥∥0,0
t
≤ Cm.
Here, we a priori cannot conclude with a Sobolev inequality for a fixed Sobolev norm as in
the proof of Theorem 2.18, because the space is changing. However, we will show a uniformity
result in the Sobolev inequality for the “standard” Soboloev norm.
Lemma 3.19. For every d ∈ N∗, we endow Md(C) (the space of d× d matrices with coefficients
in C) with the operator norm ‖·‖. This induces a Sobolev norm on C∞c
(
RN ,Md(C)
)
. We denote
the corresponding Sobolev space by Hk
(
RN ,Md(C)
)
.
Then for every k, ℓ ∈ N such that k − ℓ > N/2, there exists Ck,ℓ,N > 0 such that for every
d ∈ N∗ and ϕ ∈ Hk(RN ,Md(C)),
(3.83) ϕ is C ℓ and ‖ϕ‖C ℓ ≤ Ck,ℓ,N ||ϕ||k,
where ‖ · ‖C ℓ denotes the C ℓ-norm on C∞c
(
RN ,Md(C)
)
.
Proof. Suppose first that ℓ = 0. For ϕ ∈ C∞c
(
RN ,Md(C)
)
, we denote by ϕ̂ the Fourier transform
of ϕ. By the Fourier inversion formula, to show that ϕ is continuous, it suffices to prove that
ϕ̂(ξ) is in L1
(
RN ,Md(C)
)
.
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Set 〈ξ〉 = (1 + |ξ|2)1/2. Then ϕ ∈ Hk(RN ,Md(C)) if and only if 〈ξ〉kϕ̂ ∈ L2(RN ,Md(C)).
Moreover, there exists ck,N > 0 independent of d such that for ϕ ∈ Hk
(
RN ,Md(C)
)
,
(3.84)
1
ck,N
‖〈ξ〉kϕ̂‖L2 ≤ ‖ϕ‖k ≤ ck,N‖〈ξ〉kϕ̂‖L2 .
Now, we use Cauchy-Scwarz inequality:
(3.85)
∫
‖ϕ̂(ξ)‖dξ ≤
∫
‖〈ξ〉kϕ̂(ξ)‖ × ‖〈ξ〉−k Id ‖dξ
≤ ‖〈ξ〉kϕ̂‖L2
∫
〈ξ〉−2kdξ ≤ Ck,0,N‖ϕ‖k.
The case ℓ ≥ 1 follows from the case ℓ = 0 applied to the derivatives of ϕ. 
We can now finish the proof of Theorem 3.18, applying Lemma 3.19 to our situation. Let m ∈
N, as e−Lt(· , ·) ∈ C∞((TR,x0X)2,End(Ep)), there is k ∈ N and a constant C > 0 independent
on p such that for |α|, |α′| ≤ m and |Z|, |Z ′| ≤ 1,
(3.86)
∥∥∥∥∥ ∂|α|+|α
′|
∂Zα∂Z ′α′
e−Lt(Z,Z ′)
∥∥∥∥∥ ≤ C ∥∥e−Lt(· , ·)|B(0,1)2∥∥k .
Now, by (3.66) and (3.71), for any m ∈ N there exists C′m > 0 independent on t such that for
ϕ ∈ C∞((TR,x0X)2,End(Ep)) with support in BTR,x0 (0, 1)2,
(3.87)
1
C′m
‖ϕ‖t,m ≤ ‖ϕ‖m ≤ C′m‖ϕ‖t,m.
With (3.82), (3.86) and (3.87), we see that (2.79) holds when m′ = 0.
For m′ ≥ 1, we use the same arguments as in Theorem 2.18 (see [28, (1.6.55)]). 
Theorem 3.20. There are constants C > 0 and M ∈ N∗ such that for t > 0,
(3.88)
∥∥((λ−Lt)−1 − (λ−L t)−1)s∥∥t,0 ≤ Ct(1 + |λ|2)M ∑
|α|≤3
||Zαs||t,0.
Proof. From (3.66) and (3.71), for p ≥ 1 and m ∈ N we find
(3.89) ‖s‖t,m ≤ C
∑
|α|≤m
‖Zαs‖t,m.
Moreover, for s, s′ with compact support, using Theorem 3.1 and a Taylor expansion of (3.68),
we find
(3.90)
∣∣∣〈(Lt −L t)s, s′〉t,0∣∣∣ ≤ Ct‖s′‖t,1 ∑
|α|≤3
‖Zαs‖t,1,
‖(Lt −L t)s‖t,−1 ≤ C
∑
|α|≤3
‖Zαs‖t,1.
Note that
(3.91) (λ−Lt)−1 − (λ−L t)−1 = (λ−Lt)−1(Lt −L t)(λ−L t)−1.
Moreover, Propositions 3.15, 3.16 and 3.17 still hold for the operator L t, the norms ‖ · ‖t,m and
the family of test operators for commutators
{∇t,ei , Zi}2nXi=1 . Thus, Proposition 3.17, (3.90) and
(3.91) yields to (3.88). 
Proof of Theorem 3.13. By Theorems 3.18 and 3.20, we can prove Theorem 3.13 exactly as
Theorem 2.20. 
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Define
(3.92) L t,u = uψ1/
√
uLtψ
√
u.
Whereas in Section 2.3 we could use a closed formula for the heat kernel of L0,u to derive Theorem
2.10 from Theorem 2.20, here we cannot compute e−L t,u(0, 0) exactly to get the asymptotic
of ψ1/√p exp(−B2p,u/p)(x0, x0). The difficulty is that here, the harmonic oscillator L t has its
coefficients in the non-commutative algebra Tx0 . However, by (3.15), the coefficients of L t tends
to commute increasingly, so we can expect to have at least a equivalent of e−L t,u(0, 0).
For y ∈ Yx0 , we define the operator Hx0(y) acting on the space
(3.93) C∞
(
TR,x0X,Λ
•(T ∗R,b0B)⊗
(
Λ0,•(T ∗X)⊗ ξ)
x0
)
by
(3.94)
Hx0(y) = −
1
2
∑
i
(
∇ei +
1
2
RL(x0,y)(Z
H , eHi )
)2
+
1
4
cicjRLi,j(x0, y) +
1√
2
cifαRLi,α(x0, y) +
fαfβ
2
RLα,β(x0, y).
Set also
(3.95) Hx0,u(y) = uψ1/
√
uHx0(y)ψ
√
u.
Then y 7→ Hx0(y) is a smooth function from Yx0 to the space of differential operators acting
on the space given in (3.93). As a consequence, the family {Pp,x0Hx0(y)Pp,x0}p is a family of
differential operators that belongs to the algebra Bx0 . Now, as ∇ei and Pp,x0 commute, it is easy
to see that for any p ∈ N∗,
(3.96) L t = Pp,x0Hx0(·)Pp,x0 .
We denote by e−L t(Z,Z ′) and e−Hx0(y)(Z,Z ′) the smooth kernels of the operators e−L t and
e−Hx0(y) with respect to dvTX(Z ′). Then for Z,Z ′ ∈ TR,x0X ,
(3.97)
{
y 7→ e−Hx0(y)(Z,Z ′)
}
∈ C∞
(
Yx0 ,Λ
•(T ∗b0B)⊗ End
(
Λ0,•(T ∗x0X)⊗ ξx0
))
.
Theorem 3.21. For u > 0 fixed and for all Z,Z ′ ∈ TR,x0X we have as t→ 0
(3.98) e−uL t(Z,Z ′) = Te−uHx0 (·)(Z,Z′),p + o(1),
where o(1) denotes a term converging to 0 for the operator norm.
Proof. For λ ∈ Γ (see Figure 2), both λ−Pp,x0Hx0(y)Pp,x0 and λ−Hx0(y) are invertible, so we
can use a contour integral to get
(3.99) e−uPp,x0Hx0(y)Pp,x0 − Pp,x0e−uHx0 (·)Pp,x0 =
1
2iπ
∫
Γ
e−uλ
[
(λ− Pp,x0Hx0Pp,x0)−1 − Pp,x0(λ−Hx0)−1Pp,x0
]
dλ.
Moreover, setting P⊥p,x0 = 1− Pp,x0 , we have
(λ− Pp,x0Hx0Pp,x0)−1 − Pp,x0(λ −Hx0)−1Pp,x0
= (λ− Pp,x0Hx0Pp,x0)−1(Pp,x0Hx0Pp,x0 −Hx0)Pp,x0(λ−Hx0)−1Pp,x0(3.100)
= (λ− Pp,x0Hx0Pp,x0)−1Pp,x0Hx0P⊥p,x0(λ−Hx0)−1Pp,x0 .
By Propositions 3.15 for L t, there are constants C > 0 and a ∈ N such that for λ ∈ Γ,
(3.101)
∥∥(λ− Pp,x0Hx0Pp,x0)−1∥∥0,0t ≤ C(1 + |λ|2)a.
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Let f ∈ C∞(TR,x0X × Yx0 ,C). Note that y 7→ (λ −Hx0(y))−1 is a smooth function on Yx0
with values in the algebra of bounded operator acting on the Hilbert space
(3.102) L2
(
TR,x0X,Λ
•(T ∗R,b0B)⊗
(
Λ0,•(T ∗X)⊗ ξ)
x0
)
.
Thus, we can apply Theorem 3.5 to
(3.103)
H = L2(TR,x0X,Λ•(T ∗R,b0B)⊗ (Λ0,•(T ∗X)⊗ ξ)x0 ),
A(y) = f(·, y), B(y) = (λ−Hx0(y))−1.
We then get
(3.104) Pp,x0fPp,x0(λ−Hx0)−1Pp,x0 − Pp,x0f(λ−Hx0)−1Pp,x0 = O(p−1).
Here, the term O(p−1) depends of course on λ. To get the expansion (3.33), we used the Taylor
expansion of A. Thus, in (3.33), we can bound the error term O(p−
k+1
2 ) using the derivatives of
A of order less than k + 1. Applying this argument to (λ−Hx0)−1 and using Proposition 3.15,
we find that there exists M ∈ N∗ such that
(3.105)
∥∥Pp,x0fPp,x0(λ−Hx0)−1Pp,x0 − Pp,x0f(λ−Hx0)−1Pp,x0∥∥0,0t ≤ Cp−1(1 + |λ|2)M .
Hence, as ∇ei commutes with Pp,x0 , using (3.94) we find
(3.106)
∥∥Pp,x0Hx0P⊥p,x0(λ −Hx0)−1Pp,x0∥∥0,0t ≤ Cp−1(1 + |λ|2)M .
With (3.99), (3.100), (3.101) and (3.106) we infer that
(3.107)
∥∥∥e−Pp,x0Hx0(y)Pp,x0 − Pp,x0e−Hx0(·)Pp,x0∥∥∥0,0
t
≤ Cp−1.
Note that Pp,x0e
−Hx0(·)Pp,x0 satisfies a estimate analogous to (3.80). Indeed, we have
(3.108) Pp,x0e
−Hx0(·)Pp,x0(Z,Z
′) = Pp,x0e
−Hx0(·)(Z,Z ′)Pp,x0 ,
and we can apply (2.79) to Hx0(y) (which correspond for y fixed to L0 in Section 2.2) and
(3.11) to conclude. Thus, by (3.80) applied to e−Pp,x0Hx0 (y)Pp,x0 and Pp,x0e
−Hx0(·)Pp,x0 , and by
(3.107), we can apply the method of Theorem 2.20 to complete the proof of Theorem 3.21. 
Using the analogue of Lemma 3.11, Theorems 3.13 and 3.21, and (2.85) we get that
(3.109) ψ1/√pe
−B2p,u/p(x0, x0) = pnXTe−Hx0,u(·)(0,0),p + o(p
nX )
for the operator norm and the operator norm of the derivatives.
Recall that R˙X,L is define in (3.3), that {wj} is an orthonormal frame of (TX, hTX), with
dual frame {wj} and that {fα} is a frame of TRB ≃ THB,RM with dual basis {fα}. Define
(3.110) Ωu = uR
L(wHk , w
H
ℓ )w
ℓ ∧ iwk +
√
u
2
c(ei)f
αRL(eHi , f
H
α ) +
fαfβ
2
RL(fHα , f
H
β ).
By comparing the definitions of Hx0,u in (3.94) and (3.95) and of L0,u in (2.56), and using
(2.88), we find that
(3.111) T
e−Hx0,u(·)(0,0),p = (2π)
−nXPp,x0 exp(−Ωu,(x0,·))
det(R˙X,L(x0,·))
det
(
1− exp(−uR˙X,L(x0,·))
) ⊗ Idξ Pp,x0 ,
Finally, we have proved that for any k ∈ N, as p → +∞, uniformly as u varies in a compact
subset of R∗+, we have the following asymptotic for for the operator norm on End(Ep) and the
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operator norm of the derivatives up to order k:
(3.112) ψ1/√p exp(−B2p,u/p)(x0, x0)
=
pnX
(2π)nX
Pp,x0e
−Ωu,(x0,·)
det(R˙X,L(x0,·))
det
(
1− exp(−uR˙X,L(x0,·))
) ⊗ Idξx0 Pp,x0 + o(pnX ).
Theorem 0.10 is proved.
3.6. Asymptotic of the torsion forms. The method is the same as in Section 2.4. Let b0 ∈ B,
we denote Xb0 and Zb0 simply by X and Z. Recall that nM = dimM .
Let Λ ∈ C∞
(
Z, π∗1End
(
Λ•(T ∗
R,b0
B)⊗ Λ0,•(T ∗X))) be defined by
(3.113) Λu(z) = e
−Hu(z)(0, 0) = (2π)−nX exp(−Ωu,z) det(R˙
X,L
z )
det
(
Id− exp(−uR˙X,Lz )
) ,
and let Ru ∈ C∞(Z,C) be defined by
(3.114) Ru(z) = Trs [NuΛu(z)] .
Let Aj ∈ C∞
(
Z, π∗1End
(
Λ•(T ∗
R,b0
B)⊗ Λ0,•(T ∗X))) be such that as u→ 0
(3.115) Λu(z) =
k∑
j=−nM
Aj(z)u
j +O(uk+1),
and here again we set A−nM−1 = 0.
Theorem 3.22. There exist {Ap,j} ∈ C∞(X,End(Ep)) such that for any k, ℓ ∈ N, there exist
C > 0 such that for any u ∈]0, 1] and p ≥ 1,
(3.116)
∥∥∥∥∥∥p−nXψ1/√p exp
(
−B2p,u/p
)
(x, x) −
k∑
j=−nM
Ap,j(x)u
j
∥∥∥∥∥∥
C ℓ(M)
≤ Cuk+1.
Moreover, as p→ +∞, we have for any j ≥ −nM
(3.117) Ap,j(x) = Pp,xAj(x, ·) ⊗ Idξx Pp,x + o(1),
for the operator norm on End(Ep) and the operator norm of the derivatives up to order ℓ.
Theorem 3.22 will be proved in Section 3.7.
For j ≥ −nM − 1, set
(3.118) A˜j(z) = Trs
[
NVAj(z) + iω
HAj+1(z)
]
.
Then by (1.33), (3.114) and (3.115), we have
(3.119) Ru(z) =
k∑
j=−nM−1
A˜j(z)u
j +O(uk+1).
Set also
(3.120)
Bp,j =
∫
Z
Trs
[
NVAp,j(z) + iω
HAp,j+1(z)
] ΘY,nY
nY !
dvX ,
Bj =
∫
Z
A˜j(z)
ΘY,nY
nY !
dvX .
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Remark 3.23. The operator convergences in Theorems 0.10 and 3.22 implies the convergence of
the corresponding supertraces divided by pdimZ . Indeed, it is classical that dimFp ≤ CpdimY for
some constant C, and thus for D ∈ End(Λ•(T ∗
R,bB)⊗Λ0,•(T ∗Xb)⊗Fp) and f ∈ End(Λ•(T ∗R,bB)⊗
Λ0,•(T ∗Xb)), we know that
(3.121) ‖D − pdimXTf,p‖ = o(pdimX) =⇒ |p− dimZ Trs(D1)− p− dimY Trs(Tf,p)| = o(1).
Thus, we can conclude using (3.12). In particular, we have the following result.
Recall that nZ = nX + nY .
Corollary 3.24. For any k, ℓ ∈ N, there exists C > 0 such that for any u ∈]0, 1] and p ≥ 1,
(3.122)
∣∣∣∣∣∣p−nZψ1/√pTrs
[
Nu/p exp
(
−B2p,u/p
)]
−
k∑
j=−nM−1
Bp,ju
j
∣∣∣∣∣∣
C ℓ(M)
≤ Cuk+1.
Moreover, as p→ +∞, we have for any j ≥ −d− 1
(3.123) Bp,j = rk(ξ)rk(η)Bj +O
(
1√
p
)
.
Theorem 3.25. There exists C > 0 such that for u ≥ 1 and p ≥ 1,
(3.124)
∣∣∣p−nZψ1/√p Trs [Nu/p exp(−B2p,u/p)]∣∣∣
C ℓ(B)
≤ C√
u
.
Theorem 3.25 will be proved in Section 3.8.
Let p0 be such that for all p ≥ p0, the direct images R•π1∗(η ⊗ Lp) is locally free, Riπ1∗(η ⊗
Lp) = 0 for i > 0 and the direct images R•π2∗(ξ ⊗ Fp) and R•π3∗(π∗1ξ ⊗ η⊗Lp) are locally free.
As in Section 2.4, we define for p ≥ p0
(3.125) ζ˜p(s) = −p
−nZ
Γ(s)
∫ +∞
0
us−1ψ1/√pΦ
{
Trs
[
Nu/p exp(−B2p,u/p)
]}
du.
Then if ζp denotes the zeta function (1.41) associated with Bp,u, we have
(3.126) p−nZψ1/√pζ′p(0) = log(p)Bp,0 + ζ˜
′
p(0).
Let
(3.127) ζ˜(s) = − 1
Γ(s)
∫ +∞
0
∫
Z
Ru(z)dvZ(z)u
s−1du.
As in Section 2.4, by (3.12) and Theorem 0.10, and by dominated convergence (justified by
Corollary 3.24 and Theorem 3.25) we find that
(3.128) ζ˜′p(0) −−−−−→p→+∞ rk(ξ)rk(η)Φζ˜
′(0).
Let TH
′
B N ⊂ THMN be the space obtained by lifting in TN the subspace THB M of TM . In
particular, TH
′
B N is orthogonal to TY . Let {f ′α} be an orthonormal basis of TH
′
B,RN with dual
basis {f ′α}. Set
(3.129) FH = exp
(−f ′αf ′βRL(f ′α, f ′β)) .
Repeating the computations done in the proof of Theorem 2.24 which yield to (2.129) and (2.133),
we find here again that
(3.130)
A˜j = 0 for j ≤ −2,
Ru − A˜−1
u
− A˜0 =
{
R{∗}u −
A˜
{∗}
−1
u
− A˜{∗}0
}
F
H .
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Thus, we have
(3.131) ζ˜′(0) =
1
2
∫
Z
det
(
R˙X,L
2π
)
log
[
det
(
R˙X,L
2π
)]
F
HΘ
Y,nY
nY !
dvX .
Moreover, by (3.129), we know that
(3.132)
det
(
R˙X,L
2π
)
ΘY,nY
nY !
dvX =
ΘZ,nZ
nZ !
,
ΦFHeΘ
Z
= eΘ
N
.
Thus, by Corollary 3.24, (3.126), (3.128), (3.131) and as in (2.140), we have as p→ +∞
(3.133)
ψ1/√pζ
′
p(0) = log(p)p
nZB0 + p
nZΦζ˜′(0) + o(pnZ )
=
rk(ξ)rk(η)
2
∫
Z
log
[
det
(
pR˙X,L
2π
)]
eΘ
N+(p−1)ΘZ + o(pnZ ).
Theorem 0.7 is proved.
3.7. Proof of Theorem 3.22. First, we would like to point out that we cannot use the same
method to prove Theorem 2.21 and Theorem 3.22. Indeed, the point was to see t as a parameter,
in the same way as x0, and to use the fact that the development of the heat kernel on a compact
space acting on a fixed bundle is smooth in the parameters. However, here we cannot fixe
the bundle, so we have to reprove directly the uniform development of the heat kernel. The
techniques in this section are inspired by [28, Sect. 4.1].
Let ∇ be the usual derivation and let ∆TR,x0X be the usual Bochner Laplacian on TR,x0X .
Recall that ρ is defined in (2.45), and define
(3.134) L2,t = ρ(|Z|/ε)Lt +
(
1− ρ(|Z|/ε))∆TR,x0X .
Then using the fact that
(3.135) sup
a∈Γ
∣∣∣amG˜u(√ua)∣∣∣ ≤ Cm exp(− ε2
16u
)
,
as in Proposition 3.8 and Lemma 3.11, we find
(3.136)
∥∥∥e−uLt(0, 0)− e−uL2,t(0, 0)∥∥∥
Cm(M)
≤ C exp(− ε
2p
32u
).
For v =
√
u, set (with Sv in (2.56))
(3.137)
L
v
3,t = v
2S−1v L2,tSv,
L
0
3,t = ∆
TR,x0X .
Then as in (2.83), we have
(3.138) e−uL2,t(0, 0) = u−nXe−L
v
3,t(0, 0).
We will use the usual Sobolev norm ‖ · ‖k (see Lemma 3.19) on C∞c (R2nX ,Ep,x0).
Using the fact that uniformly in t we have
(3.139) L v3,t = ∆
TR,x0X +O(v),
we can prove results analogous to Propositions 3.14 to 3.17, replacing ∇(0)t , Lt and ‖ · ‖t,k by
∇, L v3,t and ‖ · ‖k. In the rest of this section, we will use these propositions for L v3,t
without further notice.
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For k, q ∈ N∗, set
(3.140) Ik,r =
{
(k, r) = (ki, ri) ∈ (N∗)j+1 × (N∗)j :
j∑
i=0
ki = k + j ,
j∑
i=1
ri = r
}
.
For (k, r) ∈ Ik,r, λ ∈ Γ (see Figure 2 in Section 2.3), t > 0 and v ≥ 0 set
(3.141) Akr (λ, t, v) = (λ−L v3,t)−k0
∂r1L v3,t
∂vr1
(λ−L v3,t)−k1 · · ·
∂rjL v3,t
∂vrj
(λ−L v3,t)−kj .
Then there exist akr ∈ R such that
(3.142)
∂r
∂vr
(λ−L v3,t)−k =
∑
(k,r)∈Ik,q
ak
r
Ak
r
(λ, t, v).
For ℓ ∈ N, let Qℓ be the set of operators
(3.143) Qℓ = {∇ei1 . . .∇eij }j≤ℓ.
Theorem 3.26. For any ℓ ∈ N, k > 2(ℓ+ r+1) and (k, r) ∈ Ik,r, there are Cm > 0 and N ∈ N
such that for any λ ∈ Γ, t > 0, v ≥ 0 and Q,Q′ ∈ Qℓ,
(3.144)
∥∥QAk
r
(λ, t, v)Q′s
∥∥
0
≤ C(1 + |λ|)N
∑
|β|≤2r
‖Zβs‖0.
Proof. First, note that as in the proof of Theorem 2.18 (see [28, (1.6.49), (1.6.51)]), Proposition
3.17 leads to
(3.145)
∥∥Q(λ−L v3,t)−m∥∥0,0 ≤ C(1 + |λ|)N , ∥∥(λ−L v3,t)−mQ′∥∥0,0 ≤ C(1 + |λ|)N .
With this estimate and Proposition 3.15, we get (3.144) for r = 0.
Assume now r > 0. By (3.66), (3.68), (3.134), (3.137) and Theorem 3.1, we know that ∂
r
∂vr L
v
3,t
is a combination of
(3.146)
( ∂r1
∂vr1
aij(t, vZ)
)( ∂r2
∂vr2
∇v3,t,ei
)( ∂r3
∂vr3
∇v3,t,ej
)
,
∂r1
∂vr1
b(t, vZ),( ∂r1
∂vr1
ci(t, vZ)
)( ∂r2
∂vr2
∇v3,t,ei
)
,
( ∂r1
∂vr1
d(t, vZ)
)
∆TR,x0X ,
where aij , b, ci and d are of the form f(Z)g(tZ) with f(Z) and g(Z) and their derivatives in Z
uniformly bounded for Z ∈ R2nX (recall that for Toeplitz operators, we take the operator norm).
From this decomposition and Proposition 3.17, we can prove Theorem 3.26 using a similar
reasoning as in [28, Thm. 4.1.13]: we write the derivatives in (3.146) in the form f(vZ)g(tvZ)Zβ
with f(Z) and g(Z) and their derivatives in Z uniformly bounded for Z ∈ R2nX and then
we move all the terms Zβ of Akr (λ, t, v)Q
′ to the right-hand side of the operator, using the
commutator trick of [28], i.e., commuting only the factors Zj each at a time. Finally, we move
all the terms ∇v3,t,ei in ∂
r
∂vr L
v
3,t to the right-hand side and we obtain (3.144) using Proposition
3.17 for L v3,t. 
Theorem 3.27. For any r ≥ 0 and k > 0, there exist C > 0 and N ∈ N such that for λ ∈ Γ,
t > 0 and v ≥ 0,
(3.147)
∥∥∥∥(∂rL v3,t∂vr − ∂rL v3,t∂vr ∣∣∣v=0)s
∥∥∥∥
−1
≤ Cv
∑
|α|≤r+3
‖Zαs‖1,∥∥∥∥( ∂r∂vr (λ−L v3,t)−k − ∑
(k,r)∈Ik,r
akrA
k
r (λ, t, 0)
)
s
∥∥∥∥
0
≤ Cv(1 + |λ|)N
∑
|α|≤4r+3
‖Zαs‖0.
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Proof. As in the proof of Theorem 2.19, the first line of (3.147) just follows from a Taylor
expansion in v of L v3,t and the fact that this expansion is uniform in t > 0. We also get an
analogue of (2.81):
(3.148)
∥∥((λ−L v3,t)−1 − (λ−L 03,t)−1)s∥∥0 ≤ Cv(1 + |λ|2)M ∑
|α|≤3
||Zαs||0.
Moreover, using Propositions 3.15 and 3.17, and (3.148), we have for any m ∈ N∗
(3.149)
∥∥((λ−L v3,t)−m − (λ−L 03,t)−m)s∥∥0
=
∥∥∥m−1∑
i=0
(λ−L v3,t)−i
(
(λ−L v3,t)−1 − (λ −L 03,t)−1
)
(λ−L 03,t)−(m−i−1)s
∥∥∥
≤ Cv(1 + |λ|2)M
∑
|α|≤3
||Zαs||0.
For (k, r) ∈ Ik,r , set ai = (λ−L v3,t)−ki , bi =
∂riL v3,t
∂vri , a
′
i = (λ−L 03,t)−ki and b′i =
∂riL v3,t
∂vri
∣∣∣
v=0
.
Then
(3.150) Ak
r
(λ, t, v) −Ak
r
(λ, t, 0) = a0b1a1 · · · bjaj − a′0b′1a′1 · · · b′ja′j
=
j∑
i=1
a0b1 · · · ai−1(bi − b′i)a′i · · · b′ja′j +
j∑
i=0
a0b1 · · · bi(ai − a′i)b′i+1 · · · b′ja′j .
Using this and (3.142), the first inequality of (3.147) and (3.149), we find the second inequality
of (3.147). 
Theorem 3.28. For any ℓ, ℓ′, r ∈ N and q > 0, there is C > 0 such that for t > 0, v ≥ 0 and
Z,Z ′ ∈ TR,x0X with |Z|, |Z ′| ≤ q, we have
(3.151) sup
|α|,|α′|≤ℓ
∥∥∥∥∥ ∂|α|+|α
′|
∂Zα∂Z ′α′
∂r
∂vr
e−L
v
3,t(Z,Z ′)
∥∥∥∥∥
C ℓ
′(M,pr∗XEnd(Ep))
≤ C.
Proof. Using the integral representation
(3.152)
∂r
∂vr
e−L
v
3,t =
(−1)k(k − 1)!
2iπ
∫
Γ
e−λ
∂r
∂vr
(λ−L v3,t)−1dλ,
Theorem 3.28 is proved from (3.142) and Theorem 3.26 exactly as Theorem 3.18 is proved from
(3.82). 
For k large enough, set
(3.153)
Br,t =
(−1)k(k − 1)!
2iπr!
∫
Γ
e−λ
∑
(k,r)∈Ik,r
ak
r
Ak
r
(λ, t, 0)dλ,
Br,t,v =
1
r!
∂r
∂vr
e−L
v
3,t −Br,t.
Then Br,t and Br,t,v do not depend on the choice on k large. We denote by Br,t(Z,Z
′) (resp.
Br,t,v(Z,Z
′)) the smooth kernerl of Br,t (resp. Br,t,v) with respect to dvTX(Z ′).
Theorem 3.29. For r ∈ N and q > 0, there exists C > 0 such that for t > 0, v ≥ 0 and
Z,Z ′ ∈ TR,x0X with |Z|, |Z ′| ≤ q, we have
(3.154)
∥∥Br,t,v(Z,Z ′)∥∥ ≤ Cv1/(2nX+1).
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Proof. The proof is the same as the proof of Theorem 2.20, using Theorem 3.27 and (3.152)
instead of Theorem 2.19 and (2.80) respectively. 
Theorem 3.30. For any ℓ, ℓ′, k ∈ N and q > 0, there is C > 0 such that for t > 0, v ≥ 0 and
Z,Z ′ ∈ TR,x0X with |Z|, |Z ′| ≤ q, we have
(3.155)
sup
|α|,|α′|≤ℓ
∥∥∥∥∥ ∂|α|+|α
′|
∂Zα∂Z ′α′
∂r
∂vr
(
e−L
v
3,t(Z,Z ′)−
k∑
r=0
Br,tv
r
)
(Z,Z ′)
∥∥∥∥∥
C ℓ
′(M,pr∗XEnd(Ep))
≤ Cvk+1.
Proof. By (3.153) and (3.154), we have
(3.156)
1
r!
∂r
∂vr
e−L
v
3,t
∣∣∣∣
v=0
= Br,t.
Now by Theorem 3.28, (3.153) and the Taylor expansion
(3.157) f(v)−
k∑
r=0
1
r!
∂rf
∂vr
(0)vr =
1
k!
∫ v
0
(v − v0)k ∂
k+1f
∂vk+1
(v0)dv0,
we get (3.155). 
Now, by (3.138) and the asymptotic expansion heat kernels (see [2] for instance), we know
that e−L
v
3,t(0, 0) has an asymptotic expansion as v =
√
u→ 0 in powers of u, so we have
(3.158) B2r+1,t(0, 0) = 0.
Theorem 3.30, along with (3.136), (3.138) and (3.158), yields to
(3.159)
∥∥∥unXe−uLt(0, 0)− k∑
r=0
B2r,t(0, 0)u
r
∥∥∥
C ℓ
′(M,pr∗XEnd(Ep))
≤ Cuk+1.
Thus, by the analogue of (2.85), we have uniformly in p
(3.160)
p−nXψ1/√pe
−B2p,u/p(x0, x0) = ψ1/√ue
−uLt(0, 0)
= ψ1/
√
u
k∑
r=0
B2r,t(0, 0)u
r−nX +O(uk+1).
In conclusion, we have proved (3.116) with
(3.161) Ap,j =
∑
r−α=j+nX
B2r,t(0, 0)
(2α).
We now prove (3.117). To do so, we fixe r ∈ N and study the asymptotic as t → 0 of
B2r,t(0, 0).
We define L v3,t, A
k
r
(λ, t, v) and B2r,t to be the objects corresponding to L
v
3,t, A
k
r
(λ, t, v) and
B2r,t above when we replace Lt by L t in their definitions. Then all Theorems 3.26-3.30 also
hold for this underlined objects.
Also, similarly to Theorems 3.27 and 3.29, we can prove first that for any r ≥ 0 and k > 0,
there exist C > 0 and N ∈ N such that for λ ∈ Γ and t > 0 ,
(3.162)
∥∥∥∥(∂rL v3,t∂vr ∣∣∣v=0 − ∂rL
v
3,t
∂vr
∣∣∣
v=0
)
s
∥∥∥∥
−1
≤ Ct
∑
|α|≤r+3
‖Zαs‖1,∥∥∥∥( ∑
(k,r)∈Ik,r
akrA
k
r (λ, t, 0)− akrAkr (λ, t, 0)
)
s
∥∥∥∥
0
≤ Ct(1 + |λ|)N
∑
|α|≤4r+3
‖Zαs‖0.
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And secondly that for r ∈ N and q > 0, there exists C > 0 such that for t > 0 and Z,Z ′ ∈ TR,x0X
with |Z|, |Z ′| ≤ q, we have
(3.163)
∥∥(Br,t −Br,t)(Z,Z ′)∥∥ ≤ Ct1/(2nX+1).
Recall that Hx0(y), y ∈ Yx0 , is defined in (3.94). Once again, we define H vx0,3(y), A˜kr (λ, v)(y)
and B˜2r(y) to be the objects corresponding to L
v
3,t, A
k
r
(λ, t, v) and B2r,t above when we replace
Lt by Hx0(y) in their definitions. Then, once again, Theorems 3.26-3.30 also hold for this
objects.
By (3.96), we then have
(3.164) L v3,t = Pp,x0H
v
x0,3(·)Pp,x0 .
As ∆TR,x0X commutes with Pp,x0 , we have (λ−Pp,x0∆TR,x0XPp,x0)−1 = Pp,x0(λ−∆TR,x0X)−1Pp,x0 .
As a consequence, using (3.141) and the same reasoning as for (3.105) (in particular Theorem
3.5), we find that for any (k, r) ∈ Ik,r , there exist C > 0 and K ∈ N such that
(3.165)
∥∥∥Akr (λ, t, 0)− Pp,x0A˜kr (λ, 0)(·)Pp,x0∥∥∥0,0 ≤ Cp−1(1 + |λ|2)K .
Thus by (3.153),
(3.166)
∥∥∥B2r,t − Pp,x0B˜2rPp,x0∥∥∥0,0 ≤ Cp−1.
As the proof of Theorem 2.20, this implies that for the operator norm,
(3.167) B2r,t(0, 0) = Pp,x0B˜2r(0, 0)Pp,x0 +O(p
−1/(2nX+1)).
Recall that Aj is defined in (3.113) and (3.115). With the same reasoning which led to (3.161),
we find
(3.168) Aj =
∑
r−α=j+n−x
B˜2r(0, 0)
(2α).
With (3.161), (3.163), (3.167) and (3.168), we find (3.117) for the C 0-norm.
Finally, using the fact that ∇pr
∗
MEnd(Ep)
U L
v
3,t has the same structure as L
v
3,t, we can show that
all the estimates in this section also hold for the derivatives of the operators involved. Thus,
(3.117) holds for the C ℓ-norm.
The proof of Theorem 3.22 is completed.
3.8. Proof of Theorem 3.25. We use here the same notations and definitions as in Section
2.5. Also, we assume here again that (2.143) holds for p ≥ 1. As Sp(B2p,1) = Sp(D2p) and by
Lemma 3.7, we have once again a decomposition
(3.169) p−nXψ1/√pTrs
[
Nu/pe
−B2p,u/p
]
= p−nX Trs [Nu(Pp,u +Kp,u)] .
Lemma 3.31. Let λ0 ∈ R∗−. Then there exists q0 such that for q ≥ q0, for U ∈ TRB and ℓ ∈ N,
there is a C > 0 such that for p ≥ 1
(3.170) p−nX
∥∥∥(∇π∗End(Ep)U )ℓ(λ0 − Cp)−q∥∥∥
1
≤ C.
Proof. As in (2.155), we find using Hp = D
2
p/p− λ0 that
(3.171) p−nX
∥∥(λ0 −D2p/p)−q∥∥1 ≤ C.
Recall that B2p = D
2
p +Rp. A look at Bismut’s Lichnerowicz formula (1.29) and (1.30) shows
that locally, under the trivialization on Uxk (see Sections 2.1 and 3.4), we have
(3.172)
1
p
Rp =
1
p
O1,p +O0,p,
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were Ok,p is an operator of order k acting on Ep with bounded coefficients (with respect to the
operator norm). Thus,
(3.173)
||O1,ps||Hk(p) ≤ C||s||Hk+1(p),
||O0,ps||Hk(p) ≤ C||s||Hk(p).
From these estimates, we can conclude the proof as in Lemma 2.27. 
Proposition 3.32. For any ℓ ∈ N, there exist a, C > 0 such that for p ≥ 1 and u ≥ 1,
(3.174) p−nX
∣∣Trs [NuKp,u] ∣∣C ℓ(B) ≤ Ce−au.
Proof. Proposition 3.32 follows from Lemma 3.31 exactly as Proposition 2.28 follows from Lemma
2.27. 
Proposition 3.33. For any ℓ ∈ N, there is a C > 0 such that for any p ≥ 1 and u ≥ 1,
(3.175) p−nZ
∣∣Trs [NuPp,u] ∣∣
C ℓ(B)
≤ C√
u
.
Proof. The proof is exactly the same as the proof of Proposition 2.29, the only change is that to
prove the analogue of (2.195), we substitute (2.196) by
(3.176) p−nZ dimker(D2p) = p
−nZ dimH0(X, ξ ⊗ Fp) = p−nZ dimH0(Z, π∗1ξ ⊗ η ⊗ Lp) ≤ C.

With (3.169) and Propositions 3.32 and 3.33, we have proved Theorem 3.25.
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